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Abstract. In this paper we study the structure of completions of symplectic reflection 
algebras. Our results provide a reduction to smaller algebras. We apply this reduction to 
the study of two-sided ideals and Harish-Chandra bimodules. 



1. Introduction 



1.1. Setting. The goal of this paper is to describe the structure of completions of symplectic 
reflection algebras (SRA) and to apply this description to the study of their two-sided ideals 
and Harish-Chandra bimodules and to some other problems, as well. 

SRA's were introduced by Etingof and Ginzburg, [EGj . Let us recall their definition. 

Our base field is the field C of complex numbers. Let be a vector space equipped with 
a symplectic (=non-degenerate skew-symmetric) form u and F be a finite group of linear 
symplectomorphisms of V. Recall that an element 7 G F is said to be a symplectic reflection 
if rk(7 — id) = 2 (this is the smallest possible rank for a nontrivial element 7 G Sp(V)). For 
any symplectic reflection s G F let Ug be the skew-symmetric form on V defined by 



Let S denote the set of symplectic reflections in F. Note that F acts on S by conjugation, 
let Si, . . . , Sr be the orbits. Pick independent variables t, Ci, . . . , and define c(s) to be Cj 
for s E Si. Below for convenience we will sometimes write Cq instead of t. Let c denote the 
vector space with basis Cq, . . . , c^. Consider the symmetric algebra S{c) = C[c*] of the vector 
space c. Then define the S'(c)-algebra H(:= H(V, F)) as the quotient of the smash-product 



Here T{V) stands for the tensor algebra of V and T{V)^r is the smash-product of T{V) and 
CF, i.e., is the algebra that coincides with T(y) ® CF as a vector space with the product 
(ai ® 5'i)(a2 ® (72) = '^i(fi'i-'^2) ® 9x92^ where (71.02 stands for the image of 02 under the action 
of gi. 

Theorem 1.3 in [EGj can be interpreted in the following way. 
Proposition 1.1.1. H is aflat S{c)-algebra. 
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(1.1) 



^s{x, y) = uj{x, y) if X, ?/ G im(s - id), 
ujs{x, y) = if X or y E ker(s — id). 



S{c) ®cT(y)#F 



by the relations 



(1.2) 




2 



IVAN LOSEV 



Specializing t := t, Cj := q, where i = 1, . . . , r, and t, q G C, we get the C-algebra 'Ht,c- 
It is clear that ^0,0 = SV^r{= C[V*]^r). The algebra 7{f^c has a natural filtration, where 
Cr has degree 0, while V has degree 1. Proposition II. 1 . 11 means that the associated graded 
algebra grTit^c coincides with "Ho.o- Also note that for any nonzero a the algebras T-Lt^c and 
'Hat,ac are naturally isomorphic. So we get two (essentially) different cases: t = 1 and t = 0. 
One of the most crucial differences is that "Ho.c is finite over its center Zc. Moreover, gr^^c 
is canonically identified with the invariant subalgebra (SV)^ C SV, see [EGj . Theorem 3.3. 
On the other hand, the center of Hi^c is always trivial, see |BrGoj . Proposition 7.2. 

Let us describe briefly the content of the paper. It is divided into four sections. Section 
[2] describes the structure of completions of H. The most straightforward version of a com- 
pletion we are interested in together with the statement of the corresponding result is given 
in Subsection 11.21 Our starting point here was a result of Bezrukavnikov and Etingof , |BEj , 
Theorem 3.2. 

In Section [3] we obtain some sort of "reduction theorems" for ideals and Harish-Chandra 
bimodules of SRA's. Our results regarding ideals are described in Subsection II. 3[ This part 
is mostly inspired by the author's work on W-algebras, |Lol] . jLo2] . 

In Section H] we give some miscellaneous applications of results of the first two sections. 
These applications are described in Subsection 11.41 

Finally, in Section O we consider perhaps the most important special class of SRA, the 
so called rational Cherednik algebras. We relate our work to that of Bezrukavnikov and 
Etingof, [BE] , and strengthen some of our results. Also we show that the definition of 
a Harish-Chandra bimodule for a rational Cherednik algebra given in |BEG2j agrees with 
ours. Finally, we give a complete classification of two-sided ideals in the rational Cherednik 
algebras of type A. 

In the first subsections of Sections [2|3|5] their contents are described in more detail. 

1.2. Completions. We are going to study completions of the algebra H. Let us explain 
what kind of completions we are interested in. 

Let 71 denote the quotient map V* — )■ V* /T. Pick a point b E V*. Let lb denote the ideal 
of C[y*] generated by the maximal ideal of 7r(6) in C[y*]^. Then /b#r is a two-sided ideal 
in 7^0,0 = C[V*]^r. Let rri;, denote the preimage of /b#r under the canonical epimorphism 
H T-iofi- This is a two-sided ideal in H. Consider the completion 

(1.3) H^'':=l^H/m^ 

n 

Let us remark that H^'' is a C[[c*]]-algebra because m;,n5'(c) coincides with the augmentation 
ideal tS{c). 

We want to understand the structure of the algebra H^'' in terms of a similar but simpler 
algebra. Define the algebra H as the quotient of S{t) ®c T{y)4j^Vi) by the relations 

(1.4) [x,y] = CQUj{x,y) + ^ c{s)ujs{x,y)s, x,yeV. 

We can define the algebra analogously to H^''. In more detail, we can take the 
maximal ideal /g C C[V^*] corresponding to the point & V*. Then we consider the preimage 
rn-o of /oT^^fe in H and form the completion := lim H/ttIq'. 

Now we are ready to state one of the main results of this paper comparing the completions 
H^'' and H^". 
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Theorem 1.2.1. There is an isomorphism 

: H^" ^ Mat|r/r,|(H'''') 
of topological C[[c*]]- algebras. Here Matir/r^l stands for the algebra of square matrices of size 

|r/r,|. 

In fact, we will prove a much more precise (but also much more technical) statement, 
Theorem 12.5.3^ which will "globalize" G'' and will give an explicit formula for G'' "modulo 
c". 

One special case of Theorem 11.2.11 was known before. Namely, Bezrukavnikov and Etingof 
proved a similar statement in [BE] for the special class of SRA called rational Cherednik 
algebras. This special class is described as follows. Suppose that we have a decomposition 

= © f)* into the sum of two pairwise dual F-stable subspaces. The algebra Tit^c in this 
case is known as a rational Cherednik algebra. This case is much simpler than the general 
one: one can even get an explicit formula for the isomorphism (in fact, for some special 
points b). It seems to be unlikely that one can find an explicit formula in the general case. 

1.3. General results on two-sided ideals. We will apply Theorem 11.2.11 (more precisely, 
its enhanced version. Theorem I2.5.3P to the study of ideals and Harish-Chandra bimodules 
of the algebras H, Hi^c, ^c- We remark that both our results and our proofs are inspired by 
those for W-algebras, see [Lolj . [Lo2] . The definition of a Harish-Chandra bimodule is a bit 
technical so we postpone it (together with the statement of the corresponding result) until 
Subsection 13.41 The main result for Harish-Chandra bimodules is Theorem 13.4.61 

Now let us describe our results on ideals. Consider a two-sided ideal J' C Tii^c- Then 
"Hi c/jT" has a natural filtration. It is easy to see that the actions of {SVy on gi{l-ii c/ J) 
by left and by right multiplications coincide. Let ^{T-ti^d J) <^ V* /V denote the support of 
the (5'y)^-module gi{l-Li^c/ J)- One can show (Subsection 13.41) that Yil-Li^d J) is a Poisson 
subvariety in V* /V. Similarly, for two two-sided ideals Ji d J2 d Hi^c we can define 
V(j7i/J72) C V* jV and it is also a Poisson subvariety. 

The Poisson variety V* /T has finitely many symplectic leaves. The leaves can be described 
as follows, see, for example, |BrGo] . Subsection 7.4. Consider the set of all conjugacy classes 
of subgroups in P that are stabilizers of elements of V (equivalently, of V*). Then there 
is a bijection between this set and the set of symplectic leaves in V* /T. Namely, given 
a conjugacy class, pick a subgroup P C P in it. Then the corresponding symplectic leaf 
coincides with the vr {iy^Y'^^, where vr : V* — )■ V* jV denotes the quotient morphism, Vq := 

v^,{v*y^ ■= {v e v*\r^ = r}. 

Fix a symplectic leaf C C V*/T and let P C P be a subgroup in the conjugacy class of 
subgroups corresponding to C We consider the set JdciT-Li^c) consisting of all two-sided 
ideals JT" C "Hi^c such that \{T-Li,cl J) = C.- We will relate 0^O£('Hi,c) to a certain set of ideals 
of finite codimension in a "smaller" SRA to be specified in a moment. 

There is a unique P-stable decomposition V = Vq (B V^+. Let H"*^ be the quotient of 
5'(c) ® TV+^T modulo the relations (11. 3p . In particular, we have the decomposition H = 
At(Vo) ®c[t] H^. Here At(Vo) is the homogeneous Weyl algebra of the symplectic vector 
space Vq, in other words, At(Vo) := H(Vo, {1}). 

Note that the group S := A''r(r) acts on H'*' by automorphisms, for V+ C V is S-stable. 
The action of P C S coincides with that by inner automorphisms. So we can consider the set 
3do{2ii,c) of two-sided ideals of finite codimension, and its subset 'J'0q{2£i,c) consisting 

of all S := S/P-stable ideals (in fact, S acts on 3()(7£ic) ^i^ its quotient S). 
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We have the following result that is completely parallel to Theorem 1.2.2 from |Lo2] . 

Theorem 1.3.1. There are maps 3dc{'Hi,c) 3^fo(Ktc)>^ ^ '^MKtc) 
3dc{'Hi^c), X I— 7- X^, with the following properties: 

(1) The image of J' J'-^ coincides with '3'C>q{2£i^). 

(2) J C (J^Y and Id (I^)^ for all J E Jr)£(Hi,'e),X G a^o(Ktc)- 

(3) We have Y{{J^Y/J) CdC:=Z\C. 

(4) Consider the restriction of the map X 1} to the set of all primitive (=maximal) 
ideals in 3ffo(2ii'c)- '^he image of this restriction is the set of all primitive ideals in 
J'Cici'Hi^c) cind each fiber is a single S-orbit. 

Recall that a two-sided ideal I in an associative unital algebra A is called primitive if it is 
the annihilator of a simple module. 

In |G2] Ginzburg proved that any primitive ideals of Tii^c is contained in some set £('Hi,c)- 
This is an analog of the Joseph irreducibility theorem, [Jo], from the representation theory 
of universal enveloping algebras. We will rederive Ginzburg's result in the present paper. So 
Theorem 11.3.11 allows one to reduce the study (in particular, the classification) of primitive 
ideals in symplectic reflection algebras to the study of the annihilators of irreducible finite 
dimensional representations. 

We also have an analog of Theorem 11.3.11 for t = 0. Recall that Zc denotes the center 
of Tio^c- It was shown by Etingof and Ginzburg in [EGJ that Zc has a natural Poisson 
bracket {■, ■} whose definition will be recalled in Subsection 12.81 Recall that Zc is a filtered 
algebra, let Fj Zc denote the corresponding filtration. Then {Fj Zc, Fj Zc} C Fi+j_2 and 
the induced Poisson bracket on Zo = (SV)^ coincides with the restriction of the bracket 
from SV. 

Again fix a symplectic leaf C C V*/r. Consider the set J'OciZc) consisting of all Poisson 
ideals J d Zc whose associated variety (= the variety of zeros of gr JT") coincides with £. 
Recall that an ideal J in a Poisson algebra A is called Poisson if {A, J} C J. 

As above, we can form the subgroups P, S C F, and the algebras JLqci^i^- Note that 

(1.5) Ko,c = ® Ko%, 

(1.6) Z^ = SV^®Z^, 

(11. 6p is an equality of Poisson algebras, the Poisson structure on ^Vq is induced from the 
symplectic form on Vq. Let JDq (^^) denote the set of all H-stable Poisson ideals of finite 
CO dimension in Z^. 

The following theorem is, in a sense, a quasiclassical analogue of Theorem 11.3.11 

Theorem 1.3.2. There are maps J0£(2c) J^o (^^l'). ^ ^ ^f; ^fo(^^) ^ J^/:(Zc),X t-> 
X^, with the following properties: 

(1) The map J ^ J\ is surjective. 

(2) J C (J^t)^ and Id (I^)^ for all J e Jdc{Zc),I G 3M^)- 

(3) We have Y{{J^Y/J) C dC. 

(4) Consider the restriction of the map X v^T} to the set of all prime (=maximal) ideals 
in 3dn(Z~^). The image of this restriction is the set of all prime ideals in 3dc{Zc) 
and each fiber is a single E-orbit. 

Let us make a remark regarding a geometric interpretation of part (4). Maximal ideals 
in Z^ that are Poisson are in one-to-one correspondence with zero-dimensional symplectic 
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leaves of the variety := Spec(Z^). On the other hand, the set of prime ideals in Jdc{2c) 
can be described as follows. Consider the variety Spec{Rfi{Zc)) ■ Here and below RniA) 
denotes the Rees algebra of a filtered algebra A. In more detail, if Fj A is an increasing 
filtration on A, then, by definition, RniA) := ^-h'FiA C A[h-^,h]. 

The inclusion C[h] Rh{Zc) gives rise to the dominant morphism Spec (i?ri(Zc)) -> C. 
The preimage of is naturally identified with Spec(2c) x C^, while the preimage of 
is Spec(Zo) = V* /V. The set of prime ideals in '3'0c{Zc) is identified with the set of all 
symplectic leaves Y such that the closure of F x in Spec(i?;j(Zc)) intersects V* /V exactly 
in C As Martino checked in for any symplectic leaf in Spec(^c) its ideal lies in 3dc{Zc) 
for some C (our techniques allows to give an alternative proof of this result). 

1.4. Applications. Our first result concerns the structure of "Hq.c as an algebra over its 
center Zc- More precisely, since "Ho.c is finite over Zc, we can consider "Ho.c as the algebra of 
global sections of an appropriate coherent sheaf of algebras over Spec(Zc). Let us describe 
the fibers of the restriction of this sheaf to a symplectic leaf. 

Theorem 1.4.1. Let C be a symplectic leaf of Spec{Zc) and q G Zc the prime ideal defining 
the closure of C. Let C be a unique symplectic leaf ofV*/r such that q G 3dc{Zc). Pick 
a point y E C, let xiy be its maximal ideal in Zc- Finally, let n be a maximal ideal of 
Zj^ containing (by Theorem \1.3.2 all such ideals are E-conjugate). Then 'Ho,c/T^o^c^y is 
isomorphic to Mat|r/r|(2iac/2iacl!;)- 

While this paper was in preparation, a proof in the case of rational Cherednik algebras 
appeared, [B] . The proof was based on the Bezrukavnikov-Etingof theorem on isomorphisms 
of completions. Also note that Theorem 11.4.11 is similar to the Kac-Weisfeiler conjecture on 
modular Lie algebras proved by Premet, [P], and to the De Concini-Kac-Procesi conjecture 
on quantized universal enveloping algebras at roots of unity proved by Kremnizer, [Kj (his 
proof is rather sketchy and imposes some restrictions on the central character). 

Together Theorems II. 3. 2111. 4. II allow one to reduce the study of representations of the 
algebras 'Ho^c/'Ho,c^y to the case when y is a (zero dimensional) symplectic leaf. 

Our second application is the following theorem which was communicated to us (essentially 
with a the proof) by P. Etingof. 

Theorem 1.4.2. For general c the algebra Tii^c is simple. 

The meaning of a "general c" will be made precise in Subsection 14.21 

1.5. Conventions and notation. In this subsection we gather some conventions and no- 
tation we use. Each of Sections [2|3] contains its own list of conventions and notation. Sub- 
sections 12. 2| 13.21 



Sheaves. Let X be an algebraic variety and iS be a sheaf (of abelian groups) on X. For 
an open subset U d X we denote by S{U) the group of sections of S on U . For a morphism 
y — i- X we denote by 5|y the sheaf-theoretic pull-back of S to Y . 

In this paper we mostly consider quasi-coherent and pro-coherent sheaves. By a pro- 
coherent sheaf we mean a sheaf S of vector spaces (algebras, modules) on X admitting 
a decreasing filtration Fj S (by subspaces, two-sided ideals, submodules) such that S is 
complete with respect to this filtration, i.e., S = ^m. S/ FiS, and FiS/ Fj+i 5 is a coherent 
Cx-module. 

The following table contains the list of some standard notation used in the paper. 
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completed tensor product of complete topological vector spaces/modules, 
the two-sided ideal in an associative algebra generated by a subset V. 
the Lie algebra of derivations of an algebra A. 
the stabilizer of x in a group G. 

the associated graded vector space of a filtered vector space A. 
:= 0jgg Fj A ,the Rees vector space of a filtered vector space A. 
the group algebra of a group F with coefficients in a ring R. 
the associated variety of A^. 

Acknowledgements. This paper would never have appeared without P. Etingof 's help 
that is gratefully acknowledged. Apart from inspiration and many fruitful ideas, Etingof 
contributed several results to the present paper, including Theorem I1.4.2I Also I would 
like to thank G. Bellamy, R. Bezrukavnikov, A. Braverman, I. Gordon and A. Premet for 
stimulating discussions and for useful remarks on the previous versions of this paper. Finally, 
I would like to thank the referee for numerous remarks that allowed me to improve the 
exposition. 

2. Completion theorem 

2.1. Structure of this section. In this section we will study completions of the algebra 
H. The main result of this section is Theorem 12. 5. 3^ which is an enhanced (in particular, 
"globalized" ) version of Theorem 11.2.11 

In Subsection 12 .21 we explain conventions and some notation used in the present section. In 
Subsection 12.31 we gather various results on the centralizer construction introduced in |BE] . 
This construction provides a convenient language for our considerations. 

The next two subsections, 12.4112.51 are devoted to our principal result. Theorem 12. 5. 3[ The 
theorem deals with certain sheaves on symplectic leaves. The sheaves of interest are "local- 
ized completions" of the algebras H, Mat|r/r6|(H). These sheaves are defined in Subsection 
12.41 Theorem 12.5.31 claims that there is an isomorphism with some special properties between 
(certain twists of) these sheaves. 

The proof of Theorem l2.5.3l is rather indirect. As it happens, it is more convenient to work 
with another version of sheafified completions. This version is introduced in Subsection 12.61 
For instance, on the H side we have a pro-coherent sheaf 9)^ on a symplectic leaf, whose 
fiber at b is H^''. The sheaves under consideration come equipped with fiat connections. 
In Subsection 12.71 we state an isomorphism theorem for the sheaves with fiat connections of 
interest. Theorem 12.7.31 

In Subsection 12.81 we mostly recall some basic and standard facts about the spherical 
subalgebras and the centers of the SRA's. Subsections I2.9f2.10l are quite technical. Their 
goal is to make sure that in our setting we have nice properties of completions that are 
standard in the commutative situation. 

The proof of Theorem 12.7.31 occupies two subsections, I2.11f2.12[ In the former we study 
derivations of algebras of sections of S)^. The latter subsection completes the proof. 

Theorem 12.5.31 is deduced from Theorem 12.7.31 in the last Subsection 12.131 of the section. 
The idea, roughly speaking, is that to get Theorem 12.5.31 from Theorem 12.7.31 we just need 
to pass to fiat sections of the sheaves considered in the latter. 

2.2. Notation and conventions. Let us introduce some notation to be used throughout 
the section. 



(V) 

Der(A) 

Gx 
gr^ 

Rn{A) 
RT 

Y(M) 
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Varieties and morphisms. Set X := V*/r. This is a Poisson variety with finitely many 
symplectic leaves. Let n : V* ^ X denote the quotient morphism. Let £ be a symplectic 
leaf of X. Pick a point b e V* with 7r(6) G C. Set £ := F;,, Vo := V^. Then C = 7r{Vo*). Set 
C := Vq* n vr~^(£),i^ := V*/T, then we can consider £ as a subvariety in X_. We remark 
that £ is open in V^*. 

Let TT denote the quotient morphism V* X_ and tt' : X_ ^ X he the natural morphism 
so that n = n' o 71 . Let X° be the open subset of X_ consisting of all points where tt' is etale. 
In other words, X° = ti{{v E V\T^ C £}). Further, set X'^ = 7r'(^°). 

It is clear that £ is a closed subvariety in X^. Let X^ denote the formal neighborhood of 
£ in X^. Similarly, X^ denotes the formal neighborhood of £ in X^. 

Groups. We set S := A^r(r), S := H/F. We remark that S acts naturally on X_. Moreover, 
the restriction of tt' to £ is a covering C^C with fundamental group S. 
Algebras. 

Recall the algebras H,H, At,H''" defined in the Introduction. 

Let c^*^ (resp., C(j)), i = 0, ...,r + 1, denote the subspace in c spanned by Cq, . . . , Cj_i 
(resp., by Cj, . . . ,Cr). We write H(/),/ = 0, . . . ,r + 1, for the quotient H/(c^'-*) (so H(o) = 
H,H(,.+i) = SVi^T). We remark that H(;) is a S'(c(/))-algebra. Let pi,l = 0,. . . ,r, denote 
the natural projection H(i) — )• H(/+i), set p = pr- o ••• o Po ^ H —> H(r+i). The analogous 
projections for H(-;-) are denoted by p^, p. 

Centers. Let A be an associative unital algebra. We denote the center of A by ^{A). 
Now suppose At is an associative C[t]-algebra. By 3* (At) we denote the inverse image of 
^{At/{t)) in At under the natural projection. In other words, 3*(v4t) consists of all elements 
a E At such that [a, b] G (t) for all 6 G At. 

2.3. The centralizer construction. In this subsection we will recall the centralizer con- 
struction of Bezrukavnikov and Etingof , |BE] . 

Let G D H he finite groups and A he an algebra containing CH. Set 

FunniG, A) := {f : G ^ A\fihg) = hf{g),^g eG,he H}. 

Clearly, FunniG, A) is a free right A-module of rank \G/H\. By definition, the centralizer 
algebra Z{G,H,A) is Endyi(Funj^(G', A)). In particular, Z{G,H,A) is isomorphic to the 
matrix algebra Ma.t\G/H\{A). An isomorphism depends on a choice of representatives in 
the cosets from H\G, and there is no canonical isomorphism. We have a monomorphism 
CG ^ Z{G,H,A) given by {g.f){gi) = f{gig),f e FmaniG, A), g, gi G G. Also we have an 
embedding of A^ into Z{G,H,A): A" acts on FnnH{G,A) by \a.f){gi) = af{gi). Under 
a choice of identification Z[G,H,A) = Mat|G/_H-|(A) as explained above, A^ is identified 
with the subalgebra consisting of all matrices of the form diag(a, a, . . . , a), where a G A^ . 
In particular, the center Z of A is contained in A^ . So we get the embedding of Z into 
Z{G, H, A) that identifies Z with the center of Z{G, H, A). 

Now let M he an A-bimodule. We want to construct a Z{G, H, A)-bimodule Z{G, H, M) 
from M. Set 

Z(G, H, M) := FLomH^Hov{G xG,M) = FnuniG, A) ®a M ®a HomA(Funiy(G', A), A). 

The notation in the subscript indicates that the second copy of H acts on the second 
copy of G from the right. If we choose representatives in the right cosets H\G and iden- 
tify Z(G, H, A) with Mat|G/H|(A), the Z{G, H, A)-bimodule Z{G, H, M) gets identified with 
Mat|G/H|(M). 
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Let us explain how to recover A from Z{G,H,A) and M from Z{G,H,M). Pick a left 
coset X G H\G. Define e{x) G End(Fun/^(G, A)) in the following way: 

(2.1) [e{x).f]{9) = 

Clearly, e{x) G Z{G,H,A) and e(x)^ = e(x). Moreover, 

(2.2) ^ e(x) = l, (7e(a;)(?-^ = e(a;(7). 

Further, we see that 

(2.3) ae{x) = e{x)a,'ia e A" . 

We have a natural isomorphism A = Z{H,H,A) = e{H)Z{G, H, A)e{H). On the other 
hand, Z{G, H, A)e{H) is naturally identified with FunH{G, A) as a 2'(G, H, yl)-y4-bimodule. 
Namely, to ip E Z{G, H, A)e{H) we assign the map g i— )■ e{H)gip G Fun/i-(G', A). Therefore 
the bimodule Z{G, H, A)e{H) gives rise to a Morita equivalence between A and 2'(G, H, A). 
Thus the assignment e{H)Ne{H) is a quasi-inverse equivalence to M Z(G', if, M). 

Lemma 2.3.1. Let B be a unital associative algebra and l : Z{G, H, CH) "-^ B be an algebra 
monomorphism (mapping 1 tol). Then B is naturally identified with Z (G, H, L{e{H))BL{e{H))) . 

Proof. Set e := L{e{H)) for brevity. Let us identify Be with Fun/^-(G, e-Be). To G Be we 
assign the map g eg(p. An inverse map is given by / i— i- jj^^g^Qg~^fig)- The claim 
that these maps are mutually inverse follows from (12. 2p . 

This defines an action of B on FunH{G,eBe) by right ei?e-module endomorphisms and 
hence gives rise to a homomorphism B — t- Z{G, H,eBe). To check that this homomor- 
phism is an isomorphism we need to show that the bimodule Be produces a Morita equiv- 
alence between B and eBe, equivalently, that 1 G BeB. This stems from the inclusion 
1 G Z{G, H, CH)e{H)Z{G, H, CH). □ 

Let us discuss the compatibility of the centralizer construction with certain group actions. 
Suppose that H is a subgroup of G containing H and that A is equipped with an action of 
H by automorphisms, whose restriction to H coincides with the adjoint action of H (Z A. 
Further, suppose that H is normal in H. Then H acts on Funj|/(G, A) by 

(2.4) {h.f){g) = h.f(h-'gh), 

where on the right hand side h. means the action of h on A. So we have also an ii-action 
on Z{G, H, A) = EndA(FunH(G, A)) by 

(2.5) (h.a)f = h.ia(h~\f)). 

Note that the restriction of the last if-action to H coincides with the adjoint if-action on 
Z{G,H,A). Also note that the element e{H) is ii-invariant and the induced if-action on 
A = e{H)Z{G, H, A)e{H) coincides with the initial one. 

Also we can consider the action of H on FuuhIG, A) given by h.f{g) := h.f{h~^g) and 
the induced action on Z{G, H, A). Note that H acts trivially. So we get the action of H/H 
on Z{G, H, A) by automorphisms. 

Suppose now that M is an A-bimodule. We say that M is an H-equivariant A-bimodule, 
if there is an action of if on M such that: 
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• The restriction of this action to H coincides with the adjoint action of H on M. 

• The natural map A^M^A^M is i7-equi variant. 

Then we can define natural H- and if/if-actions on Z{G, H, M) similarly to the above. 

Now let D he a Cif-linear derivation of A. Define the operator D on FunniG, A) by 
{D.f){g) = D.{f{g)) and the derivation D of End(FunH(G, A)) by D.^ = [D,^^]. Clearly, 
D.{fa) = {D.f )a + f{D.a) for a e A, f e FuuniG, A). Therefore D preserves Z{G, H, A) C 
End(FunH(G, A)). Note that the derivation D of EndA(FnnH{G, A)) is CG-linear. We 
remark that under an identification Z{G,H,A) = Mat|G///|(^) the derivation D of this 
algebra corresponds to the entry-wise derivation, whose components coincide with D G 
Der(A). 

Finally, let us provide an alternative description of Z{G, H, A) in a special case. 

Suppose that A := Aq^H for some algebra Aq acted on by H. Equip the space Fun(G', Aq) = 
C[G] ® Aq with the algebra structure (with respect to the pointwise multiplication of func- 
tions) and with the diagonal if- action, where the action on C[G] is induced by the left 
G-action. The invariant subalgebra (C[G'] ^ Aq)^ is equipped with a G-action induced from 
the action of G on itself by right translations. 

Lemma 2.3.2. There is a natural isomorphism (C[G] (8) Ao)^#G ^ Z{G, H, Aoi^H) . 
Proof. Let us define maps ^9 : G, (C[G] ® Aq)^ Z{G, H, Ao#H) as follows: 

mfm ■■= fig'g), 

(2.6) [i}iF)f]ig'):=Fig')fig% 

g,g'eGJe FunH(G, Ao#if), F e (C[G] ® A^f = FunH(G, Aq). 

It is easy to see that is well-defined and extends to a homomorphism (C[G] ® Aq)^^G — )• 
Z{G,H,Aoi^H). 

Let us show that this homomorphism is an isomorphism. Choose representatives gi, . . . ,gk 
of the left i7-cosets in G. This choice identifies Z{G, H, Aq^H) with yisX^c / H\{A{)4i^H) . It is 
easy to see that 'd also gives rise to an identification of (C[G]®Ao)^#G with Mat|G///|(Ao#^^)- 

□ 

Remark 2.3.3. All constructions of this subsection deal with algebras and their bimodules. 
However, they work for sheaves of algebras and sheaves of bimodules without any noticeable 
modifications. 

2.4. Sheafified versions of algebras, I. The goal of this section is to introduce certain 
sheaves H^^^l^ and S^^yl^ of topological algebras on C and on £, respectively. 

First of all, let us define the sheaf of algebras 'tl\x on X = V*/r. The procedure we 
are going to use is very similar to the microlocalization procedure, see, for example, |G1] . 
Section 1, or |G2] . the proof of Theorem 2.1. It is enough to specify the algebras of sections 
on principal open subsets. 

Namely, pick a principal open subset U C X corresponding to / G C[X]. Set S := {/*''}fc>o- 
Consider the algebra H/(c)'''. We have a natural epimorphism p : H/(c)'^ — )■ H^r+i)- Since 
ada : H/(c)'^ — H/(c)^ is locally nilpotent for any a G p^^{S), we see that p~^{S) is 
an Ore subset of H/(c)'''. Consider the localization H/(c)'^(t/) of ii/{c)'' with respect to 
p~^{S). The algebras H/(c)^(f/) glue to a sheaf ii/{c)''\x in the Zariski topology. Then set 
H|^ ■.= \^^H/{c)%. 
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There is a natural C^-action on H: t.7 = 7, t.v = tv, t.c = t'^c, ■y & T , v E V, c E c* ,t E . 
This action naturally extends to an action on Also we note that the filtration (c)'^ on 

H|;t' is complete and the quotients of this filtration are coherent C;t'-modules. 

Similarly to the analogous properties of the microlocalization, see |G1] . Section 1, we have 
the following lemma. 

Lemma 2.4.1. (1) H|;t'('^) is the c-adic completion H^' o/H in the {c)-adic topology. 

(2) H(f/) is a flat (left or right) H-module for any principal open subset U G X . 

(3) The functor ®h • from the category of finitely generated left H-modules to the 
category of left -modules is exact. 

Consider the ideal J of {SV)^ consisting of all functions vanishing on C. This is a Poisson 
ideal in (5*1^)^. Set p[r+i) '■= H(,._|_i)J, p := p^^(p(r+i)). Clearly, p is a two-sided ideal in H. 
Localizing p over X, we get a sheaf p|;t' of two-sided ideals in Formally, p\x '■= Hlx^np- 

Now consider the restriction H|;fo of the sheaf H|;f to X^. We have the sheaf of ideals 
p|;v;'0 C H|;fO. We remark that pl^t-Q = H|;fO p = H|;^;'Op and similarly p|;fO = pH|;fO. 
Introduce the completion H^^ := l^m^^ H|;yo/(p|;t'o)^ = ^m^(H/p^)|;fO. This is a sheaf of 

algebras on complete in the p^^-adic topology, where p^^ := l^m^Jp/p^)|;yo. Since p is C^- 
stable, the group still acts on H^^ . Finally, let H^'C 1^, p^'^ |£ denote the (completed) sheaf- 
theoretic inverse images of the topological sheaves H^-^,p^-'^ under the embedding C X^. 
Alternatively, one can consider the pull-backs H|£,p|£ of H|;t',p|;t^ to £. Then H^^l^ = 

^,hu/(pU)^ 

Again, H^^l^ is a C^-equivariant sheaf of algebras on C complete in the p^^l^-adic topol- 
ogy. We also remark that the quotients for the p^-'^ |£-adic filtration are coherent O^-modules. 

We have the following standard property of completions. More subtle properties based on 
the Artin-Rees lemma will be established later in Subsection I2.10[ 

Lemma 2.4.2. The functor •^^{c '■ M. 1— (l^im^_ Ai / p^Ai ) | c from the category of finitely 
generated left 'tl\xo -modules to the category of H^^lc-modules is right exact. 

Similarly, we can define the sheaves H|;^^o, p|;^^o on X_^, H^-, p^£- on X^ and H^-|£ on C. 

The latter is a C^-equivariant sheaf of algebras. Also it has an action of S induced from the 
action on H, as described in the introduction. 
In fact, thanks to the decomposition, 

(2.7) H = At®c[t]H+, 

the structure of H^^|£ is pretty simple. Namely, we can sheafify the Weyl algebra At over C 
similarly to the above. As a sheaf of algebras At|£ is ^^[[t]] equipped with the Moyal-Weyl 
^-product. Let us recall that the latter is defined as follows: f * g := fi{exp{^u\vo)f ® g) for 
sections /, g of Oc. Here /i is the multiplication map Of Oc- The form co\vo e 
can be considered as the contraction map Of — ?■ Of. The decomposition (12. 7p implies 

(2.8) H^^|£ = At|£§c[[t]](H+)^» 

Here and below ® stands for the completed tensor product of topological algebras/sheaves. 
We equip At|£ with the t-adic topology and (H"*")^" with the mQ-adic topology. 
Below we write C(«) instead of Z(r, F, •). 

Consider the sheaf C(H^^|£) = At|£(8>c[[t]] C(H^^°). As explained in Subsection 12. 3[ H 
acts on this sheaf by automorphisms. The action clearly preserves the tensor factors and the 
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corresponding action on At \c is induced from the S-action on C. Abusing the notation, we 
write C{U^^^cf instead of [vr^ {C{U^^^c))f . This is a sheaf on C. 

Remark 2.4.3. We can define the sheaves H(;)|;t', ^^i) i ^^i)\c etc. similarly to H|;f , H^^, H^^ |£. 
However, Lemmas I2.4.1f2.4.2l imply that H(;)|;t' = H|;t'/(c'^')), H^^ = H^'=/(c'^')). 

Our goal is to establish a relationship between the sheaves H^'^ |£ and C(H^-|£)^. We will 
see below that these sheaves become isomorphic sheaves of topological algebras if we twist 
one of them by a 1-cocycle. The precise statement will be given below in Subsection 12.51 As 
we will explain there, this result is an enhanced version of Theorem 11.2.11 

2.5. Isomorphism of completions theorem, I. First of all, we will describe an isomor- 
phism 

Recall that the algebras H(,.4.i), H^^.^.^^-, are nothing else but SV^j^V and SVij^V_ and C(«) 
stands for Z(F, F, •). The construction of Oq will be given after some preliminary considera- 
tions. 

The proof of the following lemma is straightforward. 
Lemma 2.5.1. There is a unique homomorphism 6q : H(r+i) — ?■ C(H(^_,_]^-)) such that 

[^o(7)/](7') = /(7'7), 

(2.9) [9,{v)f]{Y)=l\v)f{j'), 

7,7'eF,t;Gr,/GFunr(F,H(,+,)), 

The sheaf O^^o is the center of H^^,,,,]^) | yo and so also of CfH^-^^^^-,! yo). Thanks to Lemma 
12.5. H we have a natural map 

(2.10) 7r'*(H(^+i)|;v'o) = O^o ®(5V')r H(^+i) C(H(^^;^)|^o). 
Lemma 2.5.2. The homomorphism Ii2.10\) is an isomorphism. 

Proof. It is enough to check that (12.101) is an isomorphism fiberwise. Pick b G and 
b' e 71-^ (b) such that Ffc. C F. 

Let us describe the fiber of H(r+i) at b. This fiber is naturally identified with Af,^r, 
where Ah := C[l^*]/C[l^*]n6, rib standing for the maximal ideal of b in C[y*]^. Thanks to 
the shce theorem, Aj, is naturally identified with J2vGTr-'^(b) where := C[V*]/C[V*]n°, 
with n° being the maximal ideal of v in C[V^*]'"". Set A° := Let us identify Ah with 
Funr^,(F, A°). Namely, to a G we assign a map / : F — )■ A° that maps g to if gv ^ b' and 
to g.a if gv = b' . It is easy to see that the assignment a is a F-equivariant isomorphism 
Ah — )■ Fuupj^, (F, A°). So Ahj^V = Funr^, (F, A°)#F. Further, we have a natural identification 

Funr,, (F, A^) = Funr(F, Funr,, (F, A°)) 

induced by restricting a function F — )■ to the left F-cosets. 

Similarly, we see that the fiber of C(H(^^_^^^) is identified with C(Funr^, (F, A°)#r). Set 
Aq := Funr,^, (F, y4°) so that the fibers of interest are identified with Funr(F,Ao)#F and 
C(Ao#r). It is not difficult to see that under our identifications the map between the fibers 
induced by (12.101) coincides with t? from Lemma I2.3.2[ □ 
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So we get an isomorphism 6*0 : n'* (H^^^-^^^) — )■ CC^^^^^) of coherent sheaves of O^^- 
algebras induced by fl2.10p . But, since vr' is etale on C and it induces a covering £ — )■ £ 
with fundamental group S, we see that vr' : — )■ is just the quotient morphism for the 
(free) action of H. So by restricting 6q to S-invariants, we get an isomorphism 6q : — )■ 
C(H^^^ j^P". Finally, restricting everything to £, we get the required isomorphism 

(2.11) eo:H;^^^\c^C{H[^%,^\cf. 

In fact, one can show that the sheaves H^^ 1^, C(H^-|£)" cannot be isomorphic for the 
open symplectic leaf C G X. To get an isomorphism we need to "twist" one of the sheaves 
with a CO cycle. 

Namely, let us choose an open -stable affine covering C = IJjWj. For all i,j choose 
E X F-invariant elements X^^ e C3* {C(H/^-\ c{Wij)) having degree 2 with respect to C^. Here 
Wij := WinWj. We may (and will) assume that X*-' = —X^\ Suppose that the elements 
exp(lX*-') form a 1-cocycle, i.e. 

(2.12) exp(-X*^) exp(-X^'=) exp(-X^O = 1. 

t t t 

A problem with f l2.12p is that the elements exp(|X*'') do not make sense, because, at least 
if we are working algebraically, the series defining exp(iX*'') diverges even if we extend the 
sheaf of algebras under consideration. However, the expressions like 

ln(exp(-X'^) exp(-X^'=) exp(ix'^')) 

t t t 

still make sense (thanks to the Campbell-Hausdorff formula), the resulting expression lies in 
l^\C{U^^\c){Wijk) (where Wijk := W.nWjHWk). And so when we write (Km . we mean 
that 

In I exp(-X'^)exp(-X^'=)expf-X'=') 1 = 0. 



Given sections X*-' as above we can form the twist C(li^-\r)^^ of C(H^-|/:) by the cocycle 
exp(lX^J). Namely, C(H^^|^)*^(lVi) := C{'H/'^\c)iW.i} but the transition function from 
C{Hf'^\c){Wj) to C{H''^\c){Wi) on Wij is u ^ exp(ladX^^X= exp(lX^J> exp(-iX*-')). 
We note that exp(l adX*-^)^ converges although exp(lX*-') does not. We also remark that 
C(H^^\cY'"/{c) still identifies naturally with C(hJ4^|£). This is because 7 ad X*-' is zero 
modulo (c). 

Theorem 2.5.3. For a suitable 1-cocycle X^^ as above there is a -equivariant isomorphism 
9 : H^^|£ — > C(H^-|^)^ of sheaves of C[[c*]]T -algebras on C making the following diagram 
commutative and such that 0{p^^\c) coincides with the twist o/C(p^^|£)^. 

H^^U -c(H^^y= 

C(P) 

KU\c ^ c(h;4,) Iff 

Let us see why this theorem implies Theorem 11.2.11 For b & C the ideal rtift of H gives rise 
to the sheaf of ideals tn^'^l^ C H^^l^. The completion of H^^|£ at b (i.e., the completion 
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with respect to (m{,)^^|£-adic topology) is nothing else but Now let a point b lie in 

7i'^^{b) nC. The completion of C(li^-\r)^ at b is the same as the completion of C(H^-|£) at 
b. The decomposition fl2.8p implies that this completion is naturally isomorphic to C(H^°). 
Theorem 11.2.11 follows. 

The proof of Theorem 12.5.31 will be given in Subsection 12.131 It is rather indirect. We 
derive Theorem 12.5.31 from Theorem 12.7.31 below. The latter is another enhanced version of 
Theorem 11.2. 1[ 

2.6. Sheafified versions of algebras, II. Set S) := Oc ®c H. This is a quasi-coherent 
sheaf of (9£-algebras. Define a global counterpart m of the ideals m.b as follows. Let I denote 
the sheaf of ideals in Oc ®c C[y*] vanishing in all points (6, 76), 6 G £, 7 G F. Let m denote 
the inverse image of /#r in S). Finally, we can define the completion Sj^ := ^m^io/m". We 
can view Sj^ as a pro-coherent sheaf on C whose fiber at 6 G £ is H^**. This claim follows 
from the exact sequence rri;, <S)Oc -^3 — — ^ H — )■ and the right exactness of the completion 
functor, compare with Lemma 12.4.21 If [/ C £ is an open affine subvariety then the space 
of sections S}^{U) is the completion of C[U] ®c H in the m(?7)-adic topology. Define the 
sheaves m.(i), i^^^-, in a similar way. 

The H-action on C gives rise to an action of S on by ^.r ® h = (^.r) (g) G S, r G 
Oc, G H. This action extends to an action of S on S)^. 

Also we need a C^-action on S). Namely, recall the C^-action on H. Next, we have a 
C^-action on V*: t.a = t~^a,a G V*, that gives rise to the C^-action on Oc- We consider 
the diagonal C^-action on S). We note that the ideal / C Oc ^cC[V*] is stable with respect 
to this action, so m^i) is also stable. 

Now we introduce a sheafified version of H^^o. Namely, set ^ := Oc ®c H. We have the 

S'(c)-linear action of S on H given by ^.7 = ^7^~^, C,-v = ^v. So we get an action of S on ^, 

C,.{r ^ h) = (^.r) (g) {C,.h). Also analogously to the above, we get a C^-action on ^. 

Define the completion of ^: consider the ideal J of the zero section C ^ C x V* , 
construct the ideal m C ^ from / by analogy with m C io, and set := hm^^/m"^. We 

have a natural isomorphism = OrJ^H^" . The actions of S,C^ on ^ extend to As 
explained in Subsection 12. 3[ we get an action of S on C(^^). 

The sheaves of algebras we introduced have fiat connections. We have a linear map 
a (-)■ Lafiase ffom Vq to the space of derivations of Oc, mapping a to the Lie derivative —da 
corresponding to a. We can extend Lactase to the derivation La of by Lq, = La^ase ® 1. 
Then we can extend La base to the completion S^^ uniquely. Similarly, we get derivations L^ 

of^,^^c(^^). 

Remark 2.6.1. The algebras Sj(^i), S^'^i^ have the fiat connections a 1-^ -^0,(0 defined anal- 
ogously to La- We have i^^^-^ = i^^/(c'^'^), compare with Remark 12.4.31 A similar remark 
applies to ^^^-j, etc. 

2.7. Isomorphism of completions theorem, II. We are going to establish an isomor- 
phism between S)^ and a certain twist of C(^^). Again, we start with S^'ll._^_^-^, C{Q_^^^^-^). We 
will see that these two sheaves are isomorphic. Their isomorphism is a baby version of the 
isomorphism constructed in Theorem 3.2 from |BEj . 

Let /3 denote the tautological section of Vq ® Oc given by 6 1— )■ 6. Note that /3 is C^- 
invariant. 
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Proposition 2.7.1. A map Qq defined by 

[60(7)/] (V) = /(y 7), 

(2.13) [Qo{v)f]{l') = il'iv) + (7'(t;),/3))/(7'), 

7,7'er,t;G\/,/GFunr(r,^(;^,)), 

extends to a unique homomorphism — C(^^^,^-,^^) of sheaves of Oc-algebras. This 

homomorphism zs S x C^- equivariant. Moreover, its natural extension to the completions 
^(r+i) ~^ isomorphism. 

Proof. The claim about the extension to a homomorphism follows from the relation 6o(7)0o('^) = 
Bo(7.f )6o(7)- The equivariance is checked directly. To prove that the extension to the com- 
pletions is an isomorphism it is enough to show that it is an isomorphism fiberwise. This 
can be proved analogously to Lemma 12.5.21 □ 

In the sequel we will need a relation between L^, j-^^^-) and 60 o (^+1) o 6q ^ For a G Vq 
let a = u{a,-). This is an element of Vq. By the definition of the Poisson bracket on Oc 
we have {a, /} = —La.hasef ^ section / of Oc- Set L^^^^j^i-^ := ^0,^(^+1) + {a, ■}• Extend 
U.Xr+i) *° %+i)'^('r+i)' '^i.^[r+i)) 1^ ^ natural way. 

Lemma 2.7.2. We have 60 o La^(r+i) ° = La,{r+i) ^■^ linear operators on C(^|^^,^-^-)). 

Proof. Note that both 600^0 (^+1)060^ and (^+1) are derivations of C(-^^^^-^j) that coincide 
on Oc- So it is enough to verify that the two derivations coincide on some topological 
generators of the sheaf of C^-algebras, for example, on 60(7) and 60(f). This 

follows directly from f l2.13p . □ 

Now we are ready to state the second version of our isomorphism of completions result, 
Theorem 12.7.31 This theorem says that the flat (=equipped with fiat connections) sheaves 
of algebras S)^, C(^^) are S x F x C^-equivariantly isomorphic up to a twist and, moreover, 
modulo (c) the isomorphism coincides with 60. Pick an open covering Ui of C consisting of 
X H-stable affine subsets. 

Theorem 2.7.3. There are isomorphisms & : S)^{Ui) C(^^)(f/j) and elements X*"' G 
C3* {C{^^{Uij))) , where Uij := Ui fl Uj, with the following properties: 

(1) Modulo c the isomorphism 6* coincides with 60 for all i. 

(2) X^'' is S X T-invariant and has degree 2 with respect to C^. 

(3) 6^0 (6^)-! = exp(iadT^'). 

(4) 6^ o L„ o (6^^^ = La, where 4, := 4, + ^ add. 

(5) T' = -x''. 

(6) exp(^X*"') exp(^X'' )exp(^X *) = 1 (see the discussion before Theorem \2.5. 3\) . 

(7) LX' = 0. 

2.8. Spherical subalgebras and the centers. Let e = ^^^gr7 ^ trivial 
idempotent. By definition, the spherical subalgebras U, U(i) in H(;) are eHe,eH(;)e. Clearly, 
U(i) = U/(c(')). Similarly, we can define the spherical subalgebra U(;) C H^^) (using the 
trivial idempotent e for F) . 
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Let Z(;), / = 1, . . . , r + 1, (resp., Z(;)) denote the center of H(;) (resp., H^^)). In particular, 
Z(^+i) = {SVy C SVifT = H(,+i). Set Z(= Z(o)) := 3*(H). Define tlie algebra Z(o) 
similarly. 

Also we can introduce the sheafified versions := eS^(^i)e = ®U(i),3(/) := 
3(;-) of the algebras under consideration. 

Proposition 2.8.1. (1) Fori > the map z ez induces isomorphism 7a(j_) — t- U(i),3(0 
— 7- (the so called Satake isomorphisms). Similarly, the map z ez induces 
isomorphisms Z^;-, — )■ U(i),3(;) — ^ ^(i)- 
(2) Fori = 0, l,...,r one has pi{Z(^i)) = Z(i+i), pi(3(o) = 3(1+1), P^{ZL(l)) = p^(3(;)) = 

Proof. Assertion (1) was essentially verified by Etingof and Ginzburg in [EG], Theorem 3.1. 
Now assertion (1) easily implies assertion (2). □ 

Corollary 2.8.2. Let I be an ideal in 'L[i),l > 0. Then H(i)/nZ(^) = /. An analogous claim 
holds for 3(/) C etc. 

Proof. Clearly, / C H(i)/nZ(/). Thanks to the Satake isomorphism, it is enough to show that 
el D e(H(i)J n Z(,)). But e(H(/)/ n Z(i)) = e(H(i)J n Z(i))e C eH(;)/e = eH(j)ee/ = el. □ 

Proposition 2.8.3. (1) The algebra H(i) is finite over Z(;) for I > 0. 
(2) The center o/H coincides with S{c). 
The similar claims hold for the algebras H, H^^-, . 

Proof. The first assertion is essentially due to Etingof and Ginzburg, [EGJ, Theorem 3.3. 
The second one follows from results of Brown and Gordon, |BrGoj . Proposition 3.2. □ 

We finish the subsection by recalling the Poisson structures on Z(;), U(/) that are essentially 
due to Etingof and Ginzburg. We start with Z(i). Choose an arbitrary embedding l : Z(i) — )■ 
H such that po o l = id. Then it is easy to see that pQ{[i{a) , i{h)]) = for any a,b E Z(i) 
and that i[i(a),i(6)] G 3*(H). So an element {a,b} := po{^[L{a) , L{b)]) is well-defined. It is 
straightforward to check that {■, ■} does not depend on the choice of l and that {■, ■} is a 
S'(c(i))-bilinear Poisson bracket on Z(i). In particular, we have the induced brackets on Z(;). 

In the sequel we will need an embedding Z(i) — )■ H with some special properties. 

Lemma 2.8.4. We have a graded (=C^ -equivariant) S{c(i)) -linear section l : H(i) — )■ H o/ 
Po- 

Proof. The 5'(c)-algebra H is a free graded (=graded flat) 5'(c)-module. So H = H(i)[t] as a 
graded 5'(c)-module. In particular, we have a graded S'(c(i))-linear embedding H(i) 

This lemma allows us to define (non-canonical) maps Z(;) x H(;) — )■ H(;) induced from 
(a, b) I-)- po(|Ka), '-(&)]), a G Z(i), 6 e H(i). 

Lemma [2.8.41 shows that the induced bracket on Z(r+i) = {SV)^ coincides with the one 
coming from the symplectic form on V. Indeed, the bracket on (SV)^ is obtained using a 
section ^V"^ H/(c(i)) = At#r of At#r ^ SVi^T, where At stands for the Weyl algebra 
of V. With this interpretation of the bracket our claim is easy. 

We can equip U(i) with a Poisson bracket using a section U(i) -> U. It is easy to see that 
the isomorphism in Proposition 12.8. 11 preserves the Poisson brackets. 
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Similarly, we can equip Z(;), U^^), / > 0, with Poisson structures. Also the sheaves 3(0)-^(0' 
3(;),4i(/) become sheaves of Poisson algebras. We also can extend the bracket {■, ■} : T^{i) ® 
H(i) H(/) to 3(0 ® -> iO(o by C^-biUnearity. 

2.9. Compatibility of filtrations. Recall that two decreasing filtrations V, of a 
vector space are called compatible if for any m there is n with FnV C F^ V and F^ C F^ V. 

In this subsection we will, roughly speaking, prove that all filtrations on Sj,^ (resp., on 
H, Z) related to the m-adic filtration on Sj (resp., the p-adic filtration on H) are compatible. 

Proposition 2.9.1. The following descending filtrations are compatible: 

(1) F^fi(;) := .^(i)(3(o nm(/))'",F^iO(;) := (for any I = 0,1, ... ,r + 1). We remark 
that Fm-^{i) is actually a two-sided ideal in S). 

(2) F„3(/) := (3(0 nm(o)^F:„3(0 := 3(0 Hm^),/ ^ 1. 

The similar claims hold for T^ii) and the ideals related to trib. 

In the proof we will need a technical lemma. 

Lemma 2.9.2. Let I be a two-sided ideal in Z containing tH. Then HJ™' = (HJ)'" for all 
m. The similar claim holds for 3 C i^. 

Proof This follows from [H, J] C [H, Z] C tH C /. □ 

Proof of Proposition IK 9. li We remark that the filtrations m" and (io(rri fl 3))" on are 
compatible. Indeed, it is enough to show that m" C i5(m. fl 3) for some n. Since the r.h.s. 
contains c, it is enough to prove the analogous inclusion modulo (c). There it is enough to 
prove the inclusion fiberwise. This reduces to checking that C SV{Ib)^ for sufficiently 
large n. But this is clear. 

It is enough to prove (1) for / = 0. Thanks to the previous paragraph, (1) follows from 
Lemma [2X2l 

(2) follows from (1) and Corollary EEl □ 

We can sheafify Z(;) on X analogously to Subsection 12.41 The proof of the following 
proposition is completely analogous to that of Proposition 12.9.11 

Proposition 2.9.3. The following descending filtrations are compatible: 

(1) F^H(,)Uo := H(,)(Z(;) np(z))-|;,o,F'^H(;)Uo := P^)Uo (for any I = 0,1, ... ,r + 1). 

(2) Fm Z(/)|;fO := (Z(z) n p(/))™|;i'0, F^ Z^^lxo := Z(i) fl p™)^", ^ ^ 1- 

Define the completion 3()) of 3(o with respect to any of the equivalent filtration of Propo- 
sition |23IT1 Alternatively, 3(;) is the closure of 3(/) in ^{i)- Also we can define the completion 
Z^" of Z. 

Similarly, we can define the sheaf Z^^l^ C H^^^l^. By the construction and the properties 
of completions, [EI], Chapter 7, we have the following lemma. 

Lemma 2.9.4. For I > we have the following statements: 

(1) The sheaf 'i'^i-^ is flat over'^(j^). Also Z^^ is flat over Z(/). 

(2) 3S)/(c/) = 3S+1) and Zj;/(c,) = Zj^,)- 

(3) Z|)^|£ is flat over 7a{i). 

(4) Zj^U/(c,) = Zj^;,)U. 
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Also we remark that the analogs of Propositions 12. 9.T|2.9. 31 hold also for ^, 3, M, Z. There 
the corresponding statements are even easier, thanks to the decompositions m = Oc^m^, p = 

At ®c[t] mo • 

Corollary 2.9.5. (1) pK3fo) = 3()+i) and p^Zjp = Zf/^^^. 
(2) For / > we have 3J) = ^S) = ^(^S))' 

Proof. Assertion (1) follows from assertions (1) and (2) of Lemma [2. 9. 4[ 

Let us proceed to assertion 2. We have the inclusion 3(;) C 3(^3^^-)). It is an inclusion of 
procoherent (9£-sheaves. Therefore it is enough to check the equality fiberwise. By assertion 
1, p;(Z^^p = '^^I'Liy It follows easily from Proposition 12.8.11 that the algebra Z(i) is flat over 
S{c(i)). By assertion (1) of Lemma [2.9.41 the algebra Z|)^ is flat over C[[c*^-)]]. 

Suppose that we know that Zj^^^^ = 3(HJ^_^^^). Then we have 3(Hjp = Zj^ + C;3(Hjp. 
Since ^(H^^p is closed in H|^^p the last equality easily implies Z|)^ = 3(H|^jp. 

This reduces the proof to the case / = r + 1. Recall the isomorphism Gq : H^^^-^^-^ — 
C(Hj,'Y^p. Under this isomorphism Zj.'^i) go^s to {SV^°)^. Now our claim is clear. □ 

An analogous argument, of course, applies to Z(;)|;t' C H(/)|;t', Z(;)|£ C H(/)|£, Z^^^l^ C 
H^^^|£. We will need the following corollary of the analog of assertion (2). 

Corollary 2.9.6. 7i\xo (resp., T^\z) is dense m 3*(H^^) (resp., ^^(H'^^l^)^. 

2.10. Blow-ups and flatness. We are going to prove that Sj'^i^ is flat over while H'^^|£ 
is flat over H|£ (=the sheaf-theoretic pull-back of ii\xo to £). 

A standard technique to prove such statements is to consider the blow-up algebras. For 
an associative algebra A and a two-sided ideal J G A one can form the blow-up algebra 
B\j{A) = '^^^^ algebra is Zj.o-graded. To ensure nice properties of the completion 

A^ := Iim.y4/J* we need the blow-up algebra Blj(A) to be Noetherian. 

More generally, given a sequence Ji,i = 1,2,..., of two-sided ideals in A with JiJj C 
Jj+j one can consider the completion A^ := ^im.A/Jj and the blow-up algebra Bl(j-)(y4) = 

0^0 -^i' where Jo = A. 

The following lemma is proved completely analogously to the corresponding statements 
for commutative algebras, see, for example, [Ei], Chapter 7. 

Lemma 2.10.1. Let A, Ji be as above. Suppose Bl(j.)(y4) is Noetherian. Then 

(1) The algebra ^^qJi/ Ji+i is Noetherian. 

(2) The algebra A^ is Noetherian. 

(3) The algebra A^ is a flat (left or right) A-module. 

(4) The completion functor M h-)- M'^ := ^im. M/ JiM from the category of finitely gen- 
erated left A-modules to the category of left A'^ -modules is exact. Moreover, is 
canonically isomorphic to A^ M. 

Of course. Lemma 12.10.11 can be generalized to sheaves in a straightforward way. 
In [Lo2j . Lemma 2.4.2, we have proved the following statement. 

Lemma 2.10.2. Let A be aC[t]-algebra and I be a two-sided ideal of A containing t. Suppose 
that A is complete and separated with respect to the t-adic topology. Further, suppose that 
the algebra Aj (t) is commutative and Noetherian. Finally, suppose that [J, J] C t J. Then 
the algebra Blj(y4) is Noetherian. 
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Although we can prove that Blm(i3) is Noetherian, it is easier to do this for a related sheaf, 
which is also enough for our purposes. 

Set m- := io(3 H m)^*. By Proposition 12.9. the m-adic topology on coincides with the 
one defined by the sequence m^. Remark that m'tri^- C m^^^ because [iD,3nm] C tS^ C 3nm. 

Let Sj^*- denote the t-adic completion of Sj. Abusing the notation, we write for the 
completion of C in Sj^^. 

Proposition 2.10.3. The sheaf of algebras ^^^qVlI^ is Noetherian. 

Proof. The proof is analogous to that of Lemma A2 in |Lo3j . For reader's convenience we 
will provide the proof here. 

Fix an open affine subset U C C. We need to prove that 0j>oiTii(^) is a Noetherian 
algebra. But this algebra equals S){U) B1/(A), where A := 3iU), I:= (3(f/) n m{U)f. The 
algebra i?(f/) is finite over A C Bl7-(A). So 0j>o'Tii(^) is finite over B1/(A) and it is enough 
to show that Bl7-(y4) is Noetherian. 

According to Lemma (2. 10.21 to do this we need to check that the algebra A/tA is com- 
mutative and finitely generated and that [J, /] C t J. 

The fact that the algebra A/tA is commutative has been already proved when we dis- 
cussed the Poisson bracket on Z(i) (or 3(i))- To show that the algebra A/tA is finitely 
generated consider the epimorphism A/tA -» 3{i){U). Its kernel is naturally identified with 
tS}{U)/t'5{U). In particular, its square is zero so we can view the kernel as a 3(i)(f^)-iiiodule. 
This module is finitely generated. The algebra 3(i)(f^) is finitely generated as well. So we 
see that A/tA is finitely generated. 

Let us check that [/, /] C tJ. This boils down to checking that {[3(i)(f/)nm(i)(f/)]^, [3{i){U)n 
m(i)(f/)]2} c [3(i)(f/) nm(i)(f/)]2. But this is clear. □ 

We have the following corollary of Lemma 12.10.11 and Proposition 12.10.31 

Corollary 2.10.4. (1) The sheaf S^^j^^ and the algebra H^'' are Noetherian. 
(2) i^^j^ (resp., H^^^j is a fiat (left or right) S){i) -module (resp., ii(^iymodule). 

A similar construction can be applied to pl;^^ C H|;fo. Namely, set p, := H(Z fl p)^*. 
By Proposition I2.9.3[ the p|;t'0-adic topology on ii\xo coincides with the one defined by the 
sequence pi\xo. 

Proposition 2.10.5. The sheaf of algebras ©j>oPi|A'0 is Noetherian. 

Proof. The proof basically repeats that of Proposition I2.10.3i The most essential difference 
is that the algebra Z(i)(f/) is not finitely generated. However, this algebra is still Noetherian. 
Indeed, Z(i)(f/) is complete in the (c(i))-adic topology and its quotient by (c(i)), Z(^_|_i)(f/), 
is finitely generated. □ 

Again, this proposition implies the following corollary. 

Corollary 2.10.6. (1) Hjj^l^ is a fiat sheaf of (left or right) modules. 
(2) Hj^U/(cO = Hj^,)U. 

We will need some further corollaries in Subsection 13. 6[ 

Finally, we remark that all results in this subsection hold also for ^^,H^'' etc. They are 
even simpler, compare with the remark at the end of the previous subsection. 
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2.11. Derivations. Throughout this subsection U is an open x H-stable affine subvariety 
of C. We set R := C[U]. In this subsection we are going to study derivations of the algebra 
S)^{U). We will show that all i?-linear derivations of this algebra are "almost inner" in 
the sense of (A) of Proposition 12.11.11 Also we will establish the existence of an "Euler" 
derivation of Sj^{U). This derivation is crucial in the "local" construction of an isomorphism 
G from Theorem 12.7.31 

First of all, one can consider the space Der/j[[c.]](i3^(f/)) of -R[[c*]]-linear derivations. Fur- 
ther, we say that a i?-linear derivation d of S)^ is weakly Euler if d\^ = 2 id. Clearly, weakly 
Euler derivations form an affine space, whose associated vector space is Der/j[[c.]](i3^ ([/)). 

This affine space is non-empty. Indeed, let denote the derivation of induced by 

the C^-action. Set := -E'(i) — Yl'i=i^'^ C(''Lai,{i), where ai, . . . , adimVo a basis of Vq, and 
a* are the dual basis vectors in V^*. Then is 0^-linear, Ef^(i)V = w , f G V, Ef^(i)Ci = 2cj. 
Extend to Sj'^iy Clearly, is a weakly Euler derivation of S^'^iy Similarly, we can 

define the derivation E_f,{i) of ^{^(i))- 

Now let us define Euler derivations. We say that a derivation d of S^^{U) is Euler if it 
is weakly Euler, x F x S-equivariant, and the induced derivation of i^^^^^-)(?7) coincides 

with 6q^ ° E_f,{r+i) ° ©0- 

Proposition 2.11.1. The following statements hold: 

(A) All elements of Der fi[[^*]]{Sj^(U)) are of the form ^ada, where a G 3^{U). Recall 
that, by definition, Cq = t. 

(B) There is an Euler derivation of S)^{U). 

Proof. First, we reduce (A),(B) to the similar claims for the algebras ^^(^^(f/), / = 1, . . . , r + 1. 
Recall that 3(;)(^^) is a Poisson algebra for any / > and coincides with the center of io^;^(?7) 
(the latter follows from Corollary 12.9. 5p . We say that an i?-linear derivation of S)'^i-^{U) is: 

• Poisson, if it is -R[[c^j^]]-linear and annihilates the Poisson bracket on 3(j)(f^) ("we say 
that a derivation D of an algebra A annihilates a bracket {-, ■} if D{a, b} — {Da, b} — 
{a,Db} = for all a,beA). 

• weakly Euler, if it acts on C(i) by 2 ■ id and also multiplies the Poisson bracket {■, ■} 
on 3S)(f/)by-2. 

The notion of an Euler derivation of ij^^^ is introduced exactly as above. 
Any i?[[c*]]-linear (resp., weakly Euler, Euler) derivation of S)^{U) induces a Poisson (resp., 
weakly Euler, Euler) derivation of ^^^^^(t/). 

Consider the following statements, where / = l,...,r + l, 

(A;) Any Poisson derivation do of S^'^i^{U) has the form do{c) = {ai,c} + [a2,c],ai G 
3())(f/),a2 £ Moreover, any such derivation lifts to S)'^i_i^{U). Here {■,■} is 

defined as the continuous extension of {■, ■} : 3(z) ® -^(i) — ^ ^(i) see the concluding 
remarks in Subsection 12.81 

(Bi) There is an Euler derivation of io|)^(?7). 

(Ci) Any derivation do of i)()-)(f/) vanishing on 3(;)(f^) is inner. 

(Ai)&(Ci)^(A): Let d G Dei (U)) and let do be the corresponding derivation 
of i3^^j([/). Choose oi as in (Ai) so that the restriction of do to 3(\)(f^) coincides with 
{oi, ■}. Lift Oi to an element a' G S)^{U). Replacing d with d := d — ^ ad(a') we get that 
do vanishes on 3n)(^)- So by (Ci), do is inner, i.e., there is a2 such that do = ad(a2). 
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Lift 02 to an element a" of S^^{U). Replacing d with d — ad(a") we get d^ = 0. In other 
words, imd C Coi?^(f/). Since S)^{U) is a flat C[[co]]-module (Corollary 12. lU.4p . we see that 
d = Codi for some di G Der r[[^*]]{Sj^ (U)) , which completes the proof of the lifting property. 
We can apply the same argument to di and replace c^di with cld2 and so on. Since f)^{U) 
is complete in the Cg-adic topology, we see that d has the required form. 

The proofs of the implications (Ci)^(Ci_i) and (A;)&(Ci)^(A;_i) for / > 1 are very 
similar and so we omit them (one needs to consider {a', ■} instead of ^ ad(a')). 

Let us now prove (A^+i) and (Cr+i)- Both stem from the following result. 

Lemma 2.11.2. The following statements hold: 

(1) The restriction of derivations from "^{r+i)^^) 9''''^^^ '^^■^c to an isomor- 
phism HH}j(f)(;,+,)(f/)) ^ HH)j(3f,,+i)(f/)) = Derfi(3f,+i)(t/)), where HH denote the 
Hochschild cohomology. 

(2) Any Poisson derivation o/ 3(^^+1) (f^) is inner. 

Proof of Lemma Y2.11.B, Recall the isomorphism 9q : iD(^^^^)(f/) — )• C(^^^^-^^(f/)) from Propo- 
sition |2T]T1 This isomorphism restricts to an isomorphism 3(^^+1) (^) ~^ 3^r+i)(^)' 
explained in Subsection 12. 3[ there is a natural map 

(2.14) Der«(S[:+i)(t^)) ^ Der«(C(^f,^,)(f/))). 

The algebra ^{^^+1)^^)) isomorphic to a matrix algebra over ^^j^i-^iU). It follows that the 
map fl2.14p yields an isomorphism of the 1st Hochshild cohomology groups. Since this map 
intertwines the restriction maps DerR(^^^_^^)([/)) -> DerR(3^^_^^^(?7)), DerR(C(^[^^^-^)(t/))) -> 

D6ri^(3^^^^-)(t/)), we see that it is enough to prove the analogs of (1),(2) ^oi ^^_^^-^{U),'y^^^^-^{U). 

Let us prove (1). Recall the fiberwise Euler derivation £^^ (^+1) of ^^j^i-^iU). Note that 
any element of E)erj:j(^^^^j^^([/)) is uniquely determined by its restrictions to CP and V. 
These subspaces of ^^j^i-^iU) have degrees 0,1 with respect to E_f,(r+i)- follows that any 
element d G E)er/j(^^^^-^^(f/)) can be uniquely written as the (automatically converging) 
sum Yl^-i where [^^ (,,+1), di\ = i ■ d^. Note that each di is a derivation of S)(^r+i)iU) = 
R^SVifT. It is easy to see that Der^j(i?® ^1/#r) = i?® Der(51/#r), DeTR{R^ (SV)^) = 
R^DeriiSV)^). 

Analogously to the proof of Theorem 9.1 in |Etj . one can show that the natural map 
(Der(^\/))^ ^ Der(5l^#r) gives rise to an isomorphism (Der(5y))^ ^ RR^SVi^T). 
Since the morphism V — )■ V/T_ is etale in codimension 1, we see that the restriction map 
(Der(S'V^))- Der((5'\^)-) is an isomorphism. (1) follows. 

The proof of (2) is similar. Namely, we reduce the proof to checking that any Poisson 
i?-linear derivation of 3(^^i)(t^) = -R ® (SV)- is Hamiltonian. We have PDer(3(^^^-|([/)) = 

R^PDeT{{SV)-) , where PDer denotes the space of i?-linear Poisson derivations. The isomor- 
phism (Der(S'y))- — )■ Der((S'K)-) restricts to an isomorphism [PDer(S'l^)]- — t- PDer((5'y)-). 
However, any Poisson derivation of 5*1^ is Hamiltonian. □ 

(Bi)^(B): Let Ei be an Euler derivation of Sj^^^{U). Then -E'/,(i) — -Ei is a Poisson 
derivation of iO(\-)(f/). By (Ai), being a Poisson derivation of iO(\^(?7), — Ei can be 

lifted to an element d G DeTji[[^*]]Y{^^{U)). Replace d with its x P x S- invariant component 
(this is possible because the action of is pro-algebraic). Then Ef + d is an Euler derivation 
of Sj'^iU). 



COMPLETIONS OF SYMPLECTIC REFLECTION ALGEBRAS 21 

The proof of (Bi)^(B;_i) for / > 1 is completely analogous. 

The claim (Br+i) is vacuous, for 6g ^ °E_f,{r+i) °0o is an Euler derivation of ^^r_^_i-^{U) . □ 

The following proposition explains why the existence of an Euler derivation is important. 

Proposition 2.11.3. Let E be an Euler derivation of S)^{U). Set Sf{U) := {a G Sj^{U) : 
Ea = ia},i e Z,i3j,+i)(?7) := {a G -^f,+i)(f/) : o E^^^^^^ o 60(0) = la}. Then the 
following claims hold: 

(1) S)\U) = {0} fort < 0. 

(2) p : i^^(f/) — )■ ^^r+i)(^) gives isomorphisms Sf{U) — )■ Sfi^j,^^^{U),i = 0, 1. 

(3) The map rii^o-^*(^) ~^ •^^(^)' rii^o ^ ^i=o^''*^' "^^ well-defined (meaning that 
the r.h.s. converges) and is a bijection. 

Proof. Let us define the action of E on follows: E acts on S^'^^j^^^{U) by Qq^o 

E_f,(r+i) ° ®o and by 2 on c. We remark that the analogs of claims (1),(3) hold for 
Recall that S}^{U) is C[[c*]]-flat and we have the natural isomorphism S^^{U) /(c) = 
intertwining the action of E. Now (1) for S)^j._^_i^^{U) implies that there is a E'-equivariant 
C[[c*]]-linear isomorphism ^^(U) = i?J,+i)(t/)[[c*]]. 

All three claims follow easily from here. □ 

In the next subsection we will need the following result. 

Lemma 2.11.4. Let U G C be an open affine subset, and X G 3*(C(^^(f/))). Suppose that 
the image of the derivation i adX lies m c3*(C(^^(f/))). Then X G 03* {Cig'iU))) + C[U]. 

Proof. We will prove by the induction on i = 0, . . . , r + 1 that 

X G (Co, . . . , c,_i)3*(C(^^(?7))) + (c„ ...,Cr) Cig^m- 

Let Xi denote the image of X in C(^^(?7))/(cj, . . . , c,,). Since C[U] coincides with the 
Poisson center of C{^^^j^^^{U)), we see that Xq G C[U] and so we have the base of induction. 

Now suppose that we have proved our claim for i. Let us prove it for i + 1. The 
natural homomorphism 3* (C(^^([/))) — i- 3*(C(^^(?7))/(ci+i, . . . , c,,)) is surjective (com- 
pare with Corollary I2.9.5p . This reduces the claim for i + 1 to checking that Xi^i G 
(cq, . . . , Cj)3* (C(^^(f/))/(cj+i, . . . , c^)). Let X- denote some lifting of X^ to the algebra 
3* {C{g{U))/{c,+u Cr)). Then X'^ - = c,Y for some Y G C(^^([/))/(c,+i, . . . , c,). 
Of course, CiY G 3*(C(^^(f/))/(c,+i, . . . , c,)). Since C(^^(f/))/(ci+i, . . . , c,) is flat over 
C[co, . . . , Cj], we see that Y G 3*(C(^^(f/))/(cj+i, . . . , c^)), and we are done. □ 

2.12. Proof of Theorem 12.7.31 In this subsection we will prove Theorem I2.7.3[ The first 
step is to show that G exists locally. As before, let U he a x H-stable open affine subvariety 
of £ and R := C[U]. 

Proposition 2.12.1. There is an R[[c*]]- linear x F x S-equivariant isomorphism 0^ : 
^"(f/) ^ C{Q_\U)) lifting : S)^,^,^{U) ^ m^,.^,^{U)). 

Proof. Recall the idempotent e(r) G C{Q_^^^^-^{U)). In the notation of Proposition I2.11.?| 
we have C(Cr) C ^^^r+i)(^)- ^'^ P S^^ embedding C(Cr) ^ ^'^{U). It 

is clear that p : S)^{U) — )■ -^('r+i)(f^) is an isomorphism of algebras. So we may consider 
C(Cr) as a subalgebra in i^°(f/) C Sj^iU). Thanks to Lemma EXH the algebra 9j^{U) 
is naturally identified with C (e(r)i^^(?7)e(r)). So we need to establish an isomorphism 
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e{L)^''{U)e{r) ^""{U). Consider the subspace e{T)Sj\U)e{T) C e(r)f)^([/)e(r). It is 
identified with R®{V^CT_) by means of p. Let l : V "—^ e(r)io^([/)e(r) be the corresponding 
embedding. 

Let us check that 

(2.15) [t{u), l{v)] = Cquj{u,v) + ^ c{s)uJs{u,v)s. 

Consider v ^ ^(U). We can write the decomposition v = Yl'iZo^^^^ with f*^*^ G f)^{U). 
The formulas (12.131) imply that e(r)6o(f ) = Qo{v)e(T_) = v + {(3, v) for all v eV . Therefore 

(2.16) e(r)we(r) = e{V)v = ve{V) = {P,v) + l{v) mod JJi)^(t/). 

Recall that [u, v] = Cquj^u, v) + J2ses c(s)co's(u, v)s. It follows that 

(2.17) e{T_)[u,v]e{T_) = CqIjj{u,v) + c{s)us{u,v)s. 

se5nr 

On the other hand, from (12.161) we deduce that 

(2.18) [L{u),L{v)]=e{r)[u,v]e{r) = Cou{u,v)+ ^c,a;,(u,w)s mod JJi3*(f/)- 

sesnr 

Since [l{u),l{v)] G i3^(f/), (l^TT^ is proved. 

(I2.15P implies that there is a unique i?[[c*]]r-linear isomorphism 0^ : e{T_)S)^ {U)e(T_) — )■ 
^^{U) coinciding with t on V. The natural extension of this isomorphism 

: ^^(U) = C(e(r)i3^(f/)e(r)) ^ C(^^(t/)) 

is the isomorphism we need in the proposition. This isomorphism is x F x H-equivariant 
because the Euler derivation is x F x S-equivariant, by definition. □ 

To finish the proof of Theorem 12. 7. 31 (glue the isomorphisms together in an appropriate 
way) we need two technical lemmas. 

Lemma 2.12.2. There are 

(i) Elements X'^ e q*(C(^^(t/ij))) satisfying (2), (3), (5) of Theorem\2T^ 

(ii) and a F x E-equivariant map Vq — C3*(C(^^))(?7j), a i— )■ Y^, of degree 2 with respect 
to 

such that for all a, (3 G V^* the following hold 

(2.19) e^'oL,o(e^')~'=4 + ^ad(F^). 

(2.20) d^'' := tin (^expi^X'^) expi^X^") expi^X'^)^ G cC[U,,k][[c% 

(2.21) d^{a) ■.= a + Y^- expC-X^^){a + Y^) exp(-^X*^) - exp{\x^^)[L^exp{-\x^'^)] 

(2.22) c\a, (3) := L^{$ + Y^) - L^{a + Y^) + ![« + y^, /3 + Y^] - u{a, f3) G cC[U,] [[c% 
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Proof. The automorphism 6^* o (9^^)"^ of C{^^{Uij)) is the identity modulo (c). Therefore 
d := ln(0^* o (O^j)"-*^) converges and is a x F x H-equivariant C[C/ij][[c*]]-hnear derivation 
of C{Q_^{Uij)). Clearly, d is zero modulo (c), and 6^' o (G^j)"^ = exp{d). By Proposition 
12.11.11 d = iad(X*J) for some X'^ G d\C{^^)){Uij). By Lemma ETTl since d is trivial 
modulo (c), we have X'^ e C[Uij][[c*]] + C3t(C(^^))(f/,,-). Since C[[/,,][[c*]] C 3(C(^^))(?7,,), 
we may assume that actually X*-' G C3* (C(-^^)(f/jj)). Further, after replacing X^^ with its 
appropriate isotypic component for the action of x F x S, we may assume that X^^ 
satisfies (2) of Theorem 12.7.31 Also we may assume that X^^ = — X-'*. Since 

(2.23) exp(-adX*^) = 9^' o (e^0"^ 

t 

we see that exp(i adX'^*) exp(i adX-^'^) exp(i adX*-') = id. Therefore the left hand side 
of f l2.20p lies in the center of C{Q_^{Uijk))- Proposition 12.8.31 implies that the center of 
Ci^^'iUij)) coincides with C[t/ij][[c*]] hence (Km . 

Similarly, we see that there is a map a 1— )■ Y"^ satisfying (ii) and f l2.19p . To prove ( I2.22p we 
notice that [La, L^] = and repeat the argument in the previous paragraph. fl2.2ip follows 
in a similar way from f l2.23p and fl2.19p together. □ 

It is pretty easy to see that d^{a) = —c^^{a) and c'-'^ = —c^^^ = —c^^K So the triple 
c = (c*(«, •), d'^{»), d^^) is a 2-cochain in the Cech-De Rham complex of C. 

Lemma 2.12.3. The 2-cochain c is a cohoundary. 

Proof. Below we write for a + Y^. 

The variety C is the complement to the union of certain subspaces of even codimension in 
V^. It follows that H^^(£) = 0. Therefore it is enough to check that c is a 2-cocycle. This 
reduces to checking the following four equalities: 



(2.24) k.c\l3,^) + L^c\^,a) + L^c\a,l3) 

(2.25) c\a, /3) - c^{a, /3) = Lj^m - L^d'{a), 

(2.26) d^{a) + c''^(«) + c'''{a) = L^d^^ , 

(2.27) d^^ - + d^^ - d^^ = 0. 



(12:241) reduces to the Jacobi identity for Fj, Y^, Y^. 

Below we write A^^ instead of exp(iX*-'). Again, although A^^ is not well-defined (because 
it diverges) all expressions involving A^^ below will be well-defined. More precisely, we will 
need expressions of the form A^^xA^^, A^'^D{A^^) for some derivation D. The former just 
equals exp(i adX*-^)x, while the latter is expressed as some convergent series in X^^DX"^^ 
and their brackets, with DX^^ appearing only ones, thanks to the Campbell-HaussdorfT 
formula. 

Let us prove 02.250 . Rewrite the l.h.s. as 

d{a,(3) - A'^d{a,P)A^' = 

=lS; - L^Y: + ^K, 19] - A^'L^Y^A^' + A^'L^nA^' - ^[A^'^Y^A^', A'^Y^A^% 

From f lOTj) it follows that 

K, fj] = [A'^YiA^' + A'^L^A^\ A'^yU^' + A'^L^A^ 
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So the l.h.s. of f l2.25p equals 

+^[A'^YiA^\A'^L^A^'] + ^[A'^L^A^\A'^Y^A^'] + ^[A'^ L^A^\ A'^ L^A^% 

It is pretty straightforward to see that the last expression coincides with the r.h.s. of f l2.25p 
(we remark that A'^L^A^' = -{L^A'^)A^' because A'^A^' = 1). 
Let us check (12.261) . We can rewrite the l.h.s. as 

d^ia) + A'^(^\a)A^' + A'^ A^''c''\a)A^^ A^' = 

- A'^L^A^' - A'^A^^{L^A^^)A^' - A'^ A^^A^\L^A'^)A^^ A^\ 

On the other hand, the r.h.s. of (12.261) equals 

[L^{A'^ A^^ A^')]A'^ A^^ A^' = 

= {L^A'^)A^' + A'^{L^A^'')A^^A^' + A'^ A^^{L^A^')A'''A''i A^\ 

Again, it is easy to see that these two expressions are the same. 
Finally, let us prove (I2.27p . 

hi{A'^A^^A^') + \n{A'^ A^^ A^') - \n{A'^ A^^ A^') - \n{A^'' A^^ A^^) = 

= \n{A'^A^''A''^A^') - \n{A^''A''^A^^) - \n{A^^A^'A'^) = 

= ln{A'^A^''A''^A^') - \iy{A^^ A^^ A^' A'^) = 0. 

□ 

Proof of Theorem \2l^ Let X'^ , a be as in Lemma [21221 Thanks to Lemma ElSJl 

we may assume that c*-'^, c*-' (q;), c*(a, /3) vanish. We are going to show that there are F x [El- 
invariant elements X* G C3*(C(-^^))(f/() of degree 2 with respect to C^-action such that the 
following condition (*) holds 

(*) 0^ := exp(iadX*)e^%T^ := t ln(exp(iX^) exp(iX*-') exp(-iX-')) satisfy condi- 
tions (l)-(7) of Theorem EZSl while F„ := exp(i adX^)y^ + exp(iX^)L„exp(-iX*) 
is zero. 

The proof is in several steps. 

Step 1. We can rewrite (IX2T]) . fl2:22|) as 

(2.28) d^{a) = Yi- exp(- adX^^)rj' + exp(-X^^)L^ exp(--X*^), 

t t t 

(2.29) c'(a,/3) = LJ^ - If^Y^ + 

We remark that Q\T\T^ obtained from e^%X^^y^ by using the formulas above still 
satisfy conditions (2), (3), (5) of Theorem 12. 7.3[ equality (I2.19p . and the vanishing conditions 
^jk _ Q^(;;«i(^Q,) = 0,c*(a,/3) = 0. This is checked by computations similar in spirit to those 
of Lemma [2.12.31 Clearly, the equality = is just condition (6) of Theorem 12.7.31 
Step 2. We consider a i— )■ Lq, as a connection L on the sheaf C(^^), i.e., as a sequence of 

maps L : C(^^) ^Q^^ C{Q_^) ® The connection L is flat. 

The fiat sheaf C(^^) is just the product of several copies of the sheaf Hi^o ^^^c with the 
"diagonal" connection: is the difference of the "fiberwise" and the "base" derivations in 
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the direction of a. We claim that all higher cohomology of L on Hi^o vanish, while 

the 0th cohomology is identified with O^, an isomorphism Oc -^^dli^o maps a 

section / of to its "Taylor expansion" 

i 

where i = (ii, . . . ,Zn),i! := nj=i^i''"' = nj=i("^)*'' etc. 

To compute the cohomology we extend the map T : C[[/] — j- Hi^o '^'^^M^) ^ continuous 
automorphism of Hi^o'^^^M^) requiring that it is the identity on the subspace Vq C 
S^^[\JJ) of constant 1-forms. Then T o o T"^ is (up to a sign) the fiberwise derivation 
in the direction of a. Now the claim is clear. 

Steps. Let us suppose that G &i\Q{^)){Ui),k-^ 1. TheniK,rj] G c^+V(C(^''))(f/i). 
From (12:291) it follows that modulo &^^t{Q[?f))i\Ji) we have L^l -LpYi = 0. This means 
that modulo c'^"^^3*(C(^^))(?7j) the map a (-)■ is a 1-cocycle in the complex considered 
on Step 2. Thus there is G c^d\C{g')){Ui)) such that + G c^+H\C{g')){Ui). 

In addition, we can assume that XI satisfies the required equivariance conditions. Let us 

replace with the expression analogous to with XI instead of X\ So we achieve 
G c'=+V(C(^^))(f/.). 

Set X* = t ln(. . . exp(iX2) exp(iX|)), the expression converges because we have chosen X^ 

in c'^3*(C(-^^))(f/j)). With this X* the element Y^ is 0. Also it is clear from the construction 
that fl2.19p becomes condition (4) of Theorem 12.7.31 

Step 4- It remains to show that (7) of Theorem l2.7.3l holds. i.e., L^X^'' = 0. The equalities 

fl2:T9|) imply that := Ljt^ G cC[[/ij] [[c*]]. The equality d^{a) = can be rewritten as 
b^ =0. □ 

2.13. Proof of Theorem l2.5.3i Define the sheaf of algebras Fl(io^) on C as follows. For an 
open subset f/ C £ let Fl(i^^)([/) denote the space of flat (with respect to the connection L,) 
sections oi S)^{U). This is a x S-equivariant sheaf of C-algebras (but not of (9£-algebras) 
on C. 

Similarly, define the sheaf Fl(^^) using the connection a ^ L^. 

We remark that H^^|^ = At|£§c[[t]]H+^°, Fl(^^) = Fl(0^§AtU)gc[[t]]H+^«. Following 
the argument of Step 2 of the proof of Theorem 12. 7. 3^ we get an isomorphism At|£ = 
C£[[t]] A- Y\{Oc®-^t^)- This gives rise to an isomorphism 

(2.31) T ® id : H^^ = A^gc[[t]]H+^° ^ Fl(0£§At^*)gc[[t]]H+^" = Fl(^^), 

which will also be denoted by T. 

Recall the elements X*"* G Fl(C(^^(f/ij))) from Theorem 12.7.31 To simplify the notation 

we will write X*-^ instead of X*''. Use these elements to twist the sheaf C(H^-)|£ as explained 
in the discussion preceding Theorem 12.5.31 Theorem 12.7.31 implies that the maps o QP 
induce an isomorphism rj : Fl(io'^) — )• C(H^-)|£". This isomorphism is xFxH-equivariant. 

We have a natural embedding H i3(£). Its image consists of fiat and S- invariant 
sections. So H embeds into Y\{S)^){C)^ . Composing this homomorphism with t], we obtain 
a homomorphism 

(2.32) ^ : H ^ [C(H^^) 11" (£)]". 
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We are going to prove that this homomorphism extends to an isomorphism 9 : H^^l^ — )• 
[C(H^^)||;']^ that equals Oq modulo (c). 

First of all, we remark that 6*0 : H(r+i) — )■ 0(H^^j^^^\c) coincides with T"^ o 6o and so 
also coincides with the map induced by fl2.32p . Localizing the map fl2.32p over £, we get a 
homomorphism 



(2.33) 



e:U.\c^ [C(H 



modulo (c) 



£-adic topology on H|£. To show 



of sheaves of algebras that coincides with 6q : H(r+i)|£ — ?■ 

We claim that fl2.33p is continuous with respect to the p 
this, it is enough to verify that (12.321) is continuous (with respect to the p-adic topology on 
H and the topology on F1(C(^^)*"')^ induced from the C(m)-adic topology on C(^^)). This 
will follow if we check that 6'(p) C C(m)(£). Since both ideals contain c, it is enough to show 
that 6'o(p(r+i)) C C(rn(-r^^))(£). But this is straightforward from the definition of Oq. 

The sheaf H^^l^ is the completion of H|£ with respect to the ideal p|£. So we see that 



( 1233|) extends to a homomorphism 9 : H^^l^ [c(H'^^^i*"'T^ 



£ ] " that coincides with Oq 



f\C\\tw\=. 



modulo (c). But we have seen that 9q is an isomorphism. Since 
)^ is C[[c*]]-fiat and H^-^l^ is complete in the (c)-adic topology, we see that is 



(C(H 

an isomorphism. The equality 6'(p^^|£) = [C(p 



If] 



follows from the construction. 



3. Harish-Chandra bimodules 

3.1. Content of the section. The goal of this section is to study Harish-Chandra bimod- 
ules over SRA's. 

In Subsection 13.31 we introduce notions of noncommutative Poisson algebras and their 
Poisson bimodules. These are algebras and bimodules equipped with an additional structure: 
a Poisson bracket. A similar notion already appeared, for instance, in |BeKa] . After giving 
all necessary definitions we study some simple properties of Poisson bimodules. 

In Subsection 13.41 we define Harish-Chandra (shortly, HC) H-bimodules as graded finitely 
generated Poisson H-bimodules. Then we define HC "Hi^c-bimodules. Also in this subsection 
we state the main result in our study of HC bimodules. Theorem I3.4.5[ and its version for the 
"H-algebras: Theorem 13.4.61 These theorems claim that there are functors between certain 
categories of Harish-Chandra bimodules similar to the functors in |Lo2j . Theorem 1.3.1. 

The proof of Theorem 13.4.51 occupies the next four subsections whose content will be 
described in Subsection 13.41 In the Subsection 13.91 we derive Theorem 13.4.61 as well as 
Theorems ll.3.1|1.3.2l from Theorem 13.4.51 Finally, in Subsection 13.101 we will provide more 
simple minded versions of our functors. The constructions of this subsection will be used in 
Section [51 

3.2. Notation and conventions. Algebras. Set H := H[/i]/(t — h^). This is a fiat ^(c)- 
algebra, where c is a vector space with basis /i, Ci, . . . , c^.. Similarly define H, H , A^i := 
At[n]/(t - h^). Recall that C(H) stands for Z(r, £, H). We have the two-sided ideal p in H 
generated by p and h. Similarly, we have the ideals p C H, p"^ C H^. 
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Then we can form the sheafified (and completed) versions H^'^ 1^ := H^'^ [^[/i]/ (t— /i^), H ~\c_ = 
-^h\c®cilh]]H^^° of H, H. We have an isomorphism 

induced by 6 from Theorem 12.5.31 Modulo (c) the isomorphism 6 coincides with 
see Subsection 12.41 

The reason why we need to consider the extensions H etc. is the following. Recall that 
the algebra Tii c is filtered. So we can form the Rees algebra RniT-Li^c)- There is a unique 
homomorphism H — )■ Rh{T-ii,c) given by 7 (-)■ 7, i— )■ /i, f (-)■ hv, Cj 1— >• q/i^, i = 1, . . . , r. It is 
clear that this homomorphism is surjective. So Rh{%i,c) is represented as a quotient of H. 

D-modules. For a smooth algebraic variety X let Vx denote the sheaf of linear differential 
operators on X. For a Px-module let Fl(A^) denote the space of fiat sections of Ai. 
Recall that a section is called fiat if it is annihilated by all vector fields. 

Let Ai he a. Px-module and X be equipped with an action of a group G. Recall that Ai 
is said to be weakly G-equivariant if Ai is equipped with an action of G making the action 
map Vx ^ At ^ At equivariant. 

Annihilators . For an ^-bimodule At let LAnn(A^), RAnn(A^) denote the left and the 
right annihilators of At in A. 

3.3. Poisson algebras and bimodules. In this subsection we will introduce the notions 
of (not necessarily commutative) Poisson algebras and their Poisson bimodules. 

Definition 3.3.1. Let A be an associative unital C[t]-algebra. We say that A is Poisson if 
it is equipped with a C[t]-bilinear map 3*(^) <^A^A, z®a\-^ {z,a} such that ^^{A) is 
closed with respect to {■, ■} and 



(3.1) {z,z} = 0, 

(3.2) {ta,b} = [a,b], 

(3.3) {z, ab} = {z, a}b + a{z, b}, 

(3.4) {ziZ2, a} = {zi, a}z2 + Zi{z2, a}, 

(3.5) {{2:1, Z2}, a} = {zi, {Z2, a}} - {z2, {zi, a}}, 



'^z,Zi,Z2 G ^^{A),a,b G A. 

Definition 3.3.2. Let ^ be a Poisson C[t]-algebra and Ai be an ^-bimodule such that the 
left and right actions of C[t] on At coincide. We say that is a Poisson ^-bimodule if it 
is equipped with a C[t]-bilinear map 3*(^) (g) — > satisfying the following equalities: 



(3.6) {ta,m} = [a,m], 

(3.7) {z, am} = {z, a}m + a{z, m}, {z, ma} = {z, m}a + m{z, a}, 

(3.8) {ziZ2, m} = {zi, m}z2 + Zi{z2, m}, 

(3.9) {{zi, Z2}, m} = {zi, {z2, m}} - {z2, {zi, m}}, 



\fz, zi,z2 e ^^{A),a e A,m e M. 
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For instance, suppose A is commutative with zero action of t. Then we get the usual 
definition of a Poisson algebra. Further, if Ai is an ^-module (that can be considered as an 
^-bimodule, where the left and right actions coincide) and t acts on Ai by 0, then we get a 
more standard notion of a Poisson ^-module. 

As the other extreme, suppose A is C[t]-flat. Then the bracket on A is uniquely recovered 
from the multiplication: {z,a} = l[z,a] (compare with Subsection 12 .Sp . Similarly, if M. is 
C[t]-flat, then {z,m} = ^[z,m]. 

Examples of Poisson algebras (in our sense) include H, H, C(H) and also Weyl algebras. 

By a Poisson ideal in a Poisson algebra A we mean a two-sided ideal X that is a Poisson 
sub-bimodule in A. We remark that the quotient A/X is, of course, a Poisson ^-bimodule 
but has no natural structure of a Poisson algebra. 

Lemma 3.3.3. Let A be a Poisson C[t]-algebra and Ai be a Poisson A-bimodule. 

(1) If M is another Poisson A-bimodule, then M. ®a N has a natural structure of a 
Poisson A-bimodule. 

(2) If I G A is a Poisson two-sided ideal, then lAi d M. is a Poisson sub-bimodule. 

(3) Left and right annihilators of M. in A are Poisson ideals. 

(4) The left and right actions of ^^{A) /tA on M/tM coincide. 

Proof. (1): Define the bracket on M. ®ji M by {z, m ® n} = {z, m} ® n + m ® {z, n}. It 
is easy to see that the bracket is well-defined and turns M. (g)^^ M into a Poisson bimodule. 
The proofs of (2)- (4) follow directly from the definitions. □ 

Now suppose that acts on a Poisson algebra ^ by a C-algebra automorphisms such 
that t has degree 2, while the bracket has degree —2. We say that a Poisson ^-bimodule 
M. is C^-equivariant if it is equipped with a -action such that the multiplication map 
A ® M. ® A ^ M. is C^-equivariant, and the bracket map 1^{A) ® M. ^ has degree 
—2. We say that a C^-equivariant Poisson bimodule is graded if the C^-action comes from 
a grading. 

Let ^ be a Poisson algebra. Set A := ^[/i]/(t — h?'). Then we still say that A \s a. 
Poisson algebra (the bracket is extended to 1^{A) ® A ^ Ahy the right C[/i]-linearity). 
By a Poisson ^-bimodule we mean a bimodule M., where the left and right actions of C[/i] 
coincide, equipped with a map 1^{A) ® Jvl ^ M. that is C[t]-linear in the first argument, 
C[/i]-linear in the second one and satisfies f l3.6p -( 1X^ . 

Now suppose that ^ is a fiat (Poisson) C[t]-algebra and e G ^ is an idempotent such that 
we have a "Satake isomorphism", i.e., the map }{A/tA) -H- },{e{A/tA)e) is an isomorphism. 
It follows that i^{eAe) = ei^{A)e. 

We are going to relate Poisson eAe- and ^-bimodules. 

First of all, let us note that eAe has a natural Poisson bracket. Namely, we set 

(3.10) {eze, eae} = e{z, eae}e, z G 3*(^), a E A. 

The bracket on eAe is well-defined. To check this let z, z' G 3* (.4) be such that eze = ez'e. 
We need to show that e{z, eae}e = e{z', eae}e. Thanks to the Satake isomorphism above, we 
see that z — z' E tA. Our claim follows easily from {ta, b} = [a, b]. Also it is straightforward 
to check that fIXTO]) satisfies flXT]) -f n3]) . 

Now let be a Poisson ^-bimodule. We claim that eAie can be equipped with a natural 
Poisson bracket. Namely, we set 

(3.11) {eze, erne} = e{z,eme}e 
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for any z G m G M.. Let us check that this bracket is well-defined. It is straightforward 

to verify that the bracket satisfies fl3.6p - fl3.7p . So we get a functor M. ^ eM.e from the 
category of Poisson ^-bimodules to the category of Poisson e^e-bimodules. This functor is 
exact because M. is completely reducible as a Spanc(l, e)-bimodule. 

The functor hA i— )■ ehAe has a right inverse. Let A/" be a Poisson e^e-bimodule. Set 
M := Ae(^eAe^®eAe^-^- Let us equip this bimodule with a Poisson bracket. For z G 3*(v4) 
we set {z, ae®n® e6} = {2, ae}e ® n ® efe + ae ® {e^e, n} ® e6 + ae ® n e{2;, do). The 
verification that this bracket is well-defined is analogous to the previous paragraph. The 
bracket on M satisfies f l3.6p -f l3^ . Also it is easy to see that eMe = eA ®a ®A Ae is 
canonically identified with A/". On the other hand, eAie is naturally embedded into Ai with 
image AeAieA. 

3.4. Harish-Chandra bimodules. In this subsection we will introduce the notion of a 
Harish-Chandra bimodule over H. Using this notion we will define Harish-Chandra ?^i,c- 
Tii^c' bimodules. 

Recall that the algebra H is a graded Poisson algebra in the sense of the previous subsec- 
tion. 

Definition 3.4.1. By a Harish-Chandra (shortly, HC) H-bimodule we mean a graded Pois- 
son H-bimodule M that is finitely generated as an H-bimodule. 

The category of HC bimodules is denoted by HC(H). By definition, a morphism between 
two objects in HC(H) is a grading preserving homomorphism of graded Poisson bimodules. 

Remark 3.4.2. Since the grading on H is positive, each graded subspace Mj is finite 
dimensional, and is zero for i sufficiently small. 

In the sequel we will also need the following simple lemma. 

Lemma 3.4.3. M G HC(H) is finitely generated both as a left and as a right tl-module. 

Proof. By definition, M is finitely generated as an H-bimodule. But H is finite as a left (or 
right) Z-module. So there is a finite dimensional graded subspace M C M with M = HMZ. 
Thanks to ([3lD, [Z, M] C tM. So M = HM + tM. It follows that M = HM + t"M for 
any n. Since HM is a graded subspace in M, we deduce that any graded component of M 
lies in HM. So HM = M. Similarly, M = MH. □ 

Definition 3.4.4. Let Ai be an 'Hi,c-'Hi,c'-bimodule. We say that M is HC if there is a 
filtration FiAi compatible with the filtrations Fj Hi^c, Fj Hi^c' and such that Rji{Ai) con- 
sidered as an H-bimodule (recall that Rni'Hi^c) , Rni'Hi^c') are quotients of H) is HC, where 
h^m has degree i, and the bracket is uniquely recovered from the bimodule structure, see 
remarks after Definition 13.3.21 

The category of HC 'Hi,c-'Hi,c'-bimodules will be denoted by cHC('H)c'. 
The category HC(H) is monoidal, the tensor product functor is just tensoring over H. 
Similarly, we have the bifunctor 

eHCCH),, x,,HCCH),» -^eHC(?/),» 

given by tensoring over Hi^c'- To see that the product is HC one needs to notice that for 
Ml Gc HC('H)c', A/l2 Gc' B.C{H)c" the natural morphism Rn{Mi) ®h Rh{M2)/{h - 1) 
A4i M2 is an isomorphism, compare with |Lo2] . Proposition 3.4.1. 
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The category HC(H) has a direct sum decomposition that will be of importance later. 
Namely, let M G HC(H). Consider the linear operators Ci := {cj, ■} on M. Since {cj, x} = 
for all X G H, we see that Ci is an endomorphism of the Poisson bimodule M. Moreover, 
the degree of Cj is 2, while {■, ■} decreases degrees by 2. So Ci is a graded endomorphism 
of M. Since M is generated by a finite number of the graded components, we see that M 
decomposes into the finite direct sum M = 0^ M^, where A G c*^^ and 

:= {m G M|(Ci - (A,Ci))"m = for some n]. 
This decomposition produces the category decomposition 

(3.12) HC(H) = 0HC(H)^. 

Let Ah denote the subspace in c*j^-) generated by all A G c*^-, such that HC(H)'*' is non-zero. 

Let us proceed to defining the associated varieties. Now let M G HC(H). Thanks to 
assertion 4 of Lemma 13.3.31 we can consider M/cM as a Z(r+i) = (5'V^)'"-module. Since 
H(r+i) is finite over Z(r+i), we get that M/cM is finitely generated as a Z(r+i)-module. So 
we can define the associated variety V(M) as the support of M/cM in Spec(Z(j._|.i)) = V* /V 
(the corresponding ideal in Z(r+i) is the radical of the annihilator of M/cM). Assertion (3) 
of Lemma [3.3.31 implies that the annihilator of M/cM in H is a Poisson ideal. From this it 
is easy to deduce that the annihilator of M/cM in Z(r+i) is a Poisson ideal. In particular, 
V(M) is a Poisson subvariety in V* /T. 

For Ml, Ma G HC(H) we have Mi M2/c(Mi ^jj^a) = (Mi/cMi) (g)5y#r (M2/CM2). 
In particular. Mi 0^ Ma/cMi 0^ M2 is a quotient of (Mi/cMi) ^sv^ (Mi/cMi). It follows 
that 

(3.13) V(Mi ®hM2) C V(Mi) nV(M2). 

Similarly, we can give the definitions of HC bimodules for the algebras H, 2ii c; H^^Ki^c- 
Also we consider the category HC^(H) consisting of all S-equivariant bimodules M, i.e., 
those equipped with an action of S enjoying the following two properties: 

• the structure maps H M ® H — M, Z ® M — t- M are S-equivariant, 

• the restriction of the S-action to F C S coincides with the adjoint action of F. 

For instance, H G HC^(H). 

Let us state our main results concerning Harish- Chandra bimodules. 

For a Poisson subvariety Y C V* /T define the full-sub category HCy(H) C HC(H) con- 
sisting of all M G IIC(H) such that V(M) C Y. Define the full subcategory cHCy(?^)c' in 
cHC(?/)c' similarly. By fl3.13p . the categories HCy(H),cHCy(?/)c' are closed with respect 
to the tensor product functor. 

Recall that we have fixed a symplectic leaf C C V* /V. Consider the category Y{C-^(Yl). It 
has the Serre subcategory HCa£(H), where dC := C\C. Form the quotient category 

HCaH) = HC^(H)/HCa/:(H). 

The category IIC£(H) inherits the tensor product functor from HC£(H). Also the decom- 
position f l3.12p descends to a decomposition IIC£(H) = 0^IIC£(H)^. 

Similarly, we can define the category c^Cc{H)c'- Also we can consider categories of the 
form HCy (H^) , cHCy (li^)c' , where y+ is a Poisson subvariety in V_J! /F. We are particularly 
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interested in the case when = {0}. The category HCq (H ) consists of all M G HC"(H ) 
that are finitely generated over ^(c), while cHCQ(2i^)c' consists of all finite dimensional 
S-equivariant 7{^^-2i^'c'"t'iniodules. 

As in (I3l2ll . we have the decomposition HC"(H^) = 0;,HC"(H^)\ Set HC^(H^)^h := 

Theorem 3.4.5. There are functors 

•t : HC^(H) ^ HCf (H^)^H, 
: HC^(H^)^H ^ HC£(H) 

with the following properties: 

(1) is exact and descends to HC£(H). 

(2) is right adjoint to and (•f)^ = id in HC£(H). 

(3) The functor •j^ intertwines the tensor product functors. 

(4) LAnn(Mt) = LAnn(M)t and RAnn(Mt) = RAnn(M)t for any M e HC^(H). 

(5) is an equivalence from HC£(H) to some full subcategory of HCg (H^)^" closed 
under taking subquotients. 

Theorem 3.4.6. Suppose that c, c' G c^^-j are such that c — c' E Ah- There are functors 

with the following properties: 

(1) •-]■ is exact and descends to ciiCc{'H)c' ■ 

(2) is right adjoint to and 

(3) The functor intertwines the tensor product functors. 

(4) LAnn(Mt) = LAnn(Al)t and RAnn(Alt) = RAnn(Al)t for any M eciiC^{n)c'- 

(5) is an equivalence from ciiCc{'H)c' to some full subcategory of cHCQ(2i^)c' closed 
under taking subquotients. 

The proof of Theorem 13.4.51 occupies basically the next four subsections. Subsection 13.51 
is preparatory, there we discuss some facts about D-modules we need in our construction. 
In (very long) Subsection 13.61 we construct the functor and study some of its properties. 
In Subsection 13. 71 we construct the functor and study its properties and its relation to •p 
The constructions are very similar to the constructions of the analogous functors in |Lo2j . 
but they are more involved technically. The reason is that in |Lo2] we considered completions 
at a point, while here we need to deal with completions along subvarieties. In Subsection 13.81 
we prove Theorem 13.4.51 A key ingredient in the proof is Theorem 13. 8. 2[ which is a complete 
analog of Theorem 4.1.1 from |Lo2] . 

3.5. D-modules and related objects. We will need some facts about weakly C^-equi variant 
D-modules on certain C^-varieties. Namely, let ?7 be a vector space and ^7*^ be a -stable 
open subset of U. 

Proposition 3.5.1. Suppose that codim^/ f/ \ f/° > 1. Let Ai be a weakly -equivariant 
-module that is coherent as a Ojjo-module. Then there is an isomorphism M. = Ojjo ® 
Fl{M) of Vuo -modules. 
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Proof. We remark that is simply connected because codimc/ U > 1. 

By [HHTj . Corollary 5.3.10, it is enough to check that any weakly C^-equivariant 'Djjo- 
module that is coherent as a (9[/o-module has regular singularities. Set U := P(f/ © C). 
Equip U with a C^-action induced from the following action on f/ © C: t.{u,x) = {tu,x). 
So we have C^-equivariant inclusions G U G U. 

Being a coherent Of/o-module, a P[/o-module is a vector bundle equipped with a flat 
(C^-invariant) connection, say, V. We need to check that V has regular singularities. The 
only divisor in U \ U^ is F{U) = U \ U. Pick a point x E P(f/) and let [x] by the line in U 
corresponding to x. By |HHTj . Theorem 5.3.7, we only need to check that the restriction 
V|[a;] of V to [x] has regular singularities. The restriction A^|[a;]x of to [x]^ = [x] \ {0} 
equivariantly trivializes. So the connection V|[2^]x is given by V|[a;]x ■.= (! + A{y)dy, where 
y denotes the coordinate on [x] = C and A{y) is a C[?/, y^^]- valued matrix. Since V\[x] is 
C^-invariant, we see that A{y) = y^^A, where A is a constant matrix. Therefore V|[a;] has 
regular singularities. □ 

We will mostly use a corollary of this proposition. 

Corollary 3.5.2. Let be as in Proposition \3. 5. il and M. he a weakly -equivariantVuo- 
module. Suppose that there is a -stable decreasing T>uo-module filtration Fj such that 
M-jYiM. is a coherent Ojjo -module and Ai is complete with respect to the filtration. Then 
M = Oc/o©cFl(M). 

In the sequel we will need some results about sheaves of TDO. By a sheaf of twisted 
differential operators (TDO) on a smooth algebraic variety X we mean a sheaf of algebras V 
equipped with a monomorphism Ox T^' that is locally isomorphic to the monomorphism 
Ox ^ T^x- "Locally isomorphic" means that there is a covering of X by open subsets 
such that there is an isomorphism <.* : T>'\xi T^x^ intertwining the embeddings Ox^ ^ 
Vx^,Ox^^V'\x^. 

It is known (and is easy to show) that the set of isomorphism classes of the sheaves V 
of TDO (an isomorphism is supposed to intertwine the embeddings of Ox) is naturally 
identified with iJ^(X, fijj, where fij; denotes the sheaf of closed 1-forms on X. 

Namely, pick an open cover X = |JX* and consider a 1-cocycle a = (cijj) in Qli. Define 
the sheaf Vx as follows: T>x\x^ = T^Xi and the transition function from X^ to X* maps a 
vector filed ^ to + otij). Up to an isomorphism Vx depends only on the class a of a in 
H^{X, Vtli) and we write instead of P|. 

A result about TDO we need is the following proposition. 

Proposition 3.5.3. Let U he a vector space and he its open suhset such that codimj; U\ 
f/° > 1. Suppose that a sheaf V^o of TDO has a Ojjo-coherent module M.. Then a = 0. 

Proof. The proof is in two steps. 

Step 1. Let Mi,M2 be , P^^modules. Then Mi®M2 is a V'^\^''^-modM\e. Indeed, 
pick an affine covering X = \jXi and fix identifications l\ : P^'. — )■ Vx^ ■ Define the action of 
a vector field ^ on Ali©A^2Ui by ij(^) = 4(0®l + l®'-?(0- Pick a cocycle a-^- representing 
aK If - 4(0 = for / = 1, 2, then .,(0 - ^,(0 = + 0- 

Step 2. Now let A4 be as in the statement of the proposition and let m denote the rank 
of Ai. Then A^®™ is a P^^-module. We remark that /\"^ Ai (the sheaf of anti-symmetric 
sections of A^®™) is a P^o^-submodule in A^®™-. But /\"^ Al is a line bundle on f/°. However 
Pic([/°) = {1} because codimc/ [/ \ [7° ^ 2. So Ouo is a "D^^-module. From this it is easy 
to deduce that ma = 0. Since H^{X, Qli) is a complex vector space, we see that a = 0. □ 
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Till the end of the subsection suppose [/ is a symplectic vector space and let be an 
arbitrary open subset (without restrictions on codim^/ U \ f/°). 

Let be a Poisson At|(/o-bimodule (as usual, t = h?). Suppose that Ai admits a 
decreasing filtration Fj by At|c/o-submodules such that 

• is complete with respect to this filtration, 

• tFiA^ C Fi+iM, 

• and Fj A1/Fj+i is a coherent Cc/o-module for all i. 

For instance, if Al is finitely generated as a left Atljyo-module, then we can take the t-adic 
filtration. The claim that this filtration is complete is proved analogously to [Lo2j . Lemma 
2.4.4. 

We want to equip Al with a structure of a "Dc/o-bimodule. Denote the product map 
At|[/o ® Al ® At|i70 by a ® m ® 6 I— )■ a * m * 6. For u,v & U and a section m of Al we set 
u-m = j{u*'m + m*u), d^m = {v, m}, where v is defined by {v, u) = uj{v, u), v,u E U. Then 
the operators u-,v-,du,dy satisfy the commutation relations = = [du,dy], [du,v-] = 

{u,v) id, so Al becomes a sheaf of r';7(f/)-modules. Now let U' be a principal open subset 
of U contained in defined by a polynomial /. We have f ■ m = f * mmodt and so / 
is invertible on Al(f/°). It follows that Al is a P[/o-module. We remark that F^Al is a 
Pf/o-submodule of Al and the quotient Al/ Fj Al is a coherent (9[/o-module. 

This discussion has an interesting corollary. 

Proposition 3.5.4. Suppose that f/° is stable with respect to the usual action of on 
U and codim^/ [/ \ f/° ^ 2. Let M. he a -equivariant Poisson At\uo-bimodule equipped 
with a filtration FjAl as above. Then the natural map At|(70®c[[t]]Al(t^°)'^'^^ Ai is an 
isomorphism; here Al(f/°)^*^^ stands for the kernel of {U, ■} in Al(?7°). 

Proof. View Al as a P^/o-module and apply Corollary 13.5.21 □ 

3.6. Functor wj- : HC(H) — > HC"(H^)^". This functor is obtained as a composition of 
several functors between some intermediate categories. Let us list these functors. The 
definitions of the categories involved will be given later. 

J-i : HC(H) ^ HC(H^^|£)^H, 

J-2 : HC(H^^U)^« ^ HC ((C(H^^I^)*'")-)^" , 

JS : HC ((C(h''-|£) ^" ^ HC- (c(h''-|^)*"')^" , 
: HC= (c(h''-|^)*"')^" ^ HC= (c(h''-|^))'^" , 

J-5 : HC= (c(h''-|^))'^" ^ HC^ (C(H^''°))''" , 
: HC- (C(H^''°))^" ^ HC=(H+''°)^h, 

J-7 : HC-(H^'"y» ^ HC-(H^)^«. 

All these functors but J-'i turn out to be category equivalences. 
The functor J^i: the (localized) completion. 

Pick M G HC(H). Define the (micro)localization M|;fo similarly to ii\xo in Subsection 
12.41 According to the discussion preceding Corollary I2.9.6[ Z|;fO = 3*(H|;fo). Therefore the 
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localization M|;fo of M has a natural structure of a Poisson H|;t'o-biniodule. We can form 
the completion M^^ := lim M|;t'o/M|;to(pUo)''- Then, by definition, J'i(M) := M^^j^ is 
the sheaf-theoretic restriction of to C. 

The following lemma describes the properties of J-'i(M) we need. 

Lemma 3.6.1. Let M e HC(H). 

(1) J-'i(M) has a natural structure of a -equivariant Poisson tl^'^\c-bimodule. This 
module is finitely generated both as a left and as a right 'ii'^'^\c-module. 

(2) The natural maps H^^l^ ®jj M, M H^^l^ — ?■ M^^l^ are isomorphisms. 

(3) The completion functor Wl i— )■ J-'i(M) is exact and intertwines the tensor products (of 
Poisson bimodules). 

(4) As a Ti^^^-^^^lc-module J-'i(W[) /cJ-'i(W[) coincides with the usual (commutative) comple- 
tion of the Z(r+i)-modn/e M/cM. In particular, J-'i(M) = if and only z/V(M)n£ = 
0. 

Proof. We have [p,M]|;fo C hMl^o. From this it follows that the filtrations Mp'^|;v;'0 and 
p"M|;fo coincide. So M^''^ has a natural structure of a H^-^-bimodule (a unique structure 
extended from H|;v;'o (8> M|;\;'o (g) H|;t'o ~^ ^\xo by continuity). Also, thanks to Corollary 
we can extend the bracket from Z|;t.o (g) M|;t'0 M|;fO to 3*(H^^) (g) M^^ M^^ by 
continuity. This bracket then transfers to the pull-backs to C. 

(2) and the exactness part in (3) are standard corollaries of Proposition 12. 10."5| see Lemma 
12.10.11 The compatibility with tensor products in (3) follows from (2). 

(4) follows from the construction and Proposition 12.9.31 □ 

Now let us define the category HC(H^-'^|£). By definition it consists of C^-equivariant 
Poisson H'^'^ l^-bimodules that are finitely generated as left H^^ l^-modules. Since H^^|£ is 
a sheaf of Noetherian algebras complete in the p^^|£-adic topology, we can use the claim 
similar to Lemma 2.4.2 from [Lo2j to show that HC(H^^|£) is an abelian category and 
that any object in HC(H^'^|£) is complete and separated in the p^^l^-adic topology. The 
category HC(H^^ l^) is equipped with a tensor product functor: the tensor product of Poisson 
bimodules. So the functor J^i : M t-^ M^^\c : HC(H) HC(H^^|£) is monoidal. 

We want to introduce an analog of the decomposition fl3.12p for HC(H^^|£). Let A4 G 
HC(H^^|£)^and set Mn ■= M/Mip^'^lcT- We have the endomorphisms d = {cj, •} of 
a Poisson H^^ |£-bimodule. The quotients A^„/A^„+i are coherent C£-modules and Pois- 
son H^^|£-bimodules. The annihilator of such a module in H^^|£ and hence in Oc is a 
Poisson ideal. But Oc has no nontrivial Poisson ideals for £ is a symplectic variety. It 
follows that any quotient J^n/ -Mn+i has finite length. Therefore we have the decomposi- 
tion M-n/ -Mn+i '■= ® xi-Mn/ ■Mn+i)''' i^to the sum of the generalized eigensheaves for the 
operators Cj. We remark that the natural homomorphism (p^'^ |£)"/(p^'^ |£)"^^ (g) A^/A^i — )■ 
Mn/Mn+i is surjective. Hence (p^^|£)"/(p^^|£)"+^ ® (A^/A^i)^ (A^„/A^„+i)^ is surjec- 
tive. Set A4^ := hm (A^„)''*. Then we have the direct sum decomposition A4 = ©^-^'^ 
the corresponding category decomposition HC(H^-c|£) = 0^ HC(H^^|£)'^. The subcategory 
HC(H^''^|£)^" C HC(H^''^|£) is now defined in an obvious way. Clearly, the image of J^i lies 
in HC(H^^|£)^«. 

Remark 3.6.2. In fact, one can show that HC(H^-'^ |£)'^" coincides with the whole category 
HC(H^-^|£). This follows from the construction above and Proposition 13. 7.21 below. 
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The functor ^2'- the push-forward with respect to Q. 

Recall the isomorphism ^ : H^^l^ ^ (C(H^-|£)*"')=. Define the category HC((C(H^-|£)*"')=) 
analogously to HC(H^^|£). We set T2 '■= 0*- The functor J^2 restricts to an equivalence 
HC(H^^|£)^H ^ HC((C(h''-|^)*'")=)^h. 

The functor ^^3: lifting to C. 

Let M e HC((C(h''-|£)*"')-). Set 

(3.14) M\c ■■= C(h''^|^)*" ®(c(H-^y..)B M. 

By definition, A^|£ is a C(H^~|£)*"'- (C(H^~|£)*"')^-bimodule. It is equipped with a bracket 
with 3*((C(H^.^|£)*"')^) defined using the Leibnitz rule. 

Lemma 3.6.3. (1) There is a unique bracket map 3*(C(H^-|£)*"') ® J^\c ^ ■M\c ex- 
tending the bracket with 3*((C(H^^|£)*"')^) and satisfying [tl\)-^IM. ~ 

(2) There is a unique right multiplication map C(H ® M\c ^ M\c satisfying 
h3.(^) so that M.\c becomes a Poisson C(H -bimodule. 

(3) The natural map M. — ^ (A^l^)^ is an isomorphism. 

Proof. First of all, we remark that the right product map is recovered uniquely from the left 
product and the bracket map. So (1) implies (2). 

(1) and (3) are local so it is enough to prove the similar claims for the restrictions of the 
sheaves of interest to a S-stable affine open subset Ui C C. But there 

We also remark that the natural homomorphism 

is an isomorphism. This again follows from the fact that vr' : — )■ Af^ is the quotient map 
for the free action of S. (3) follows. Also to prove (1) it is enough to show that the bracket 
can be uniquely extended from (AtljyJ" ® M.\ui -^lui to At|c/. ® M.\u^ — ^ -^lui- 
Further, consider the filtration J^\u^ (^(p^-lc/J^) of M.\ui- The quotient 

Mn:=M\uJM\u^{C{p'^^uTT 

is an (At|c/J"/(t)"-bimodule that is finitely generated as a left (or right) module. If we 
prove assertion (1) for each M-mi then (1) for M. will follow. So it is enough to consider the 
case when M. is finitely generated as a left module over {A^\jj^)^. 

Pick a point u ^ C. Choose a S-stable affine open neighborhood U oi u in Ui. To 
simplify the notation we will write M. instead of A4.{U) and A instead of At(L'^). Shrinking 
U if necessary (so that still u G f/) we may assume that C[t/] is a free C[?7]^-module. 
Pick a free basis fi, . . . , fk G C[U] over C[f/]^. We can shrink U again to find elements 
a] e C[Uf, i = 1,... ,k,j = 0,1,... ,k - 1 such that Pi{fi) := ff + al^J'"^ + . . . + 
vanishes in C[U] but PUfi) is invertible in C[f/]. We remark that fi, ■ . ■ , fk is still a basis of 
the (left or right) ^^-module A. Set M := A (8)^5 M so that M = M^. 

Now recaU an identification A = C[U][[t]], see Subsection [231 Let Pi{fi), PKfi) be the 
polynomials, where the commutative products are replaced with * (the order of the factors 
is the same). So in A we have Pi{fi) = tgi for some gi E A and Pl{fi) is still invertible. For 
m e set Q{fi, m) = m} + . . . + fi{a\,m} + {aj,, m}. 
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Suppose for a moment that there is hfting of {■, ■} : tS)M.^J^ to A®Ai^M. such 
that 

(3.15) {a, bm} = {a, b}m + b{a, m}, Va, b E A, 

(3.16) {ab, m} = a{b, m} + b{a, m} — t{b, {a, m}}, 

^a,b e A,m e M. 

Then we have t{gi, m} = Pl{fi){fu m}+Q{fi, m)+tF{fi, {a{)^zlm) where F{fi, {ai)^^!^ m) 
is an expression involving fi,al,m, various brackets and products. Then we clearly have 

(3.17) {/„ m} = Plif,)-' [t{{g,, m} - F{f„ {a>)^Z^, m)) - QUu m)]. 

Conversely, given fl3.17p we can extend {■, ■} : A"^ ®M. — t- to a unique map A® M. M. 
using the equalities 

(3.18) {/ia, m} = /^{a, m} + a{/i, m} - t{a, {/j, m}} 

and the ^^-linearity (recall that /i, . . . , is a basis of the right ^^-module A). 

We can use fl3.17l) . fl3.18p to define a map {■,■}: A® M. ^ recursively. This is possible 
because M. is complete and separated in the t-adic topology. For / G .4 we get {/, m} in 
the form 

(3.19) {/,m} = ^F,{6„m}, 

i 

where bi G A"^ and the sequence Fj converges to in the t-adic topology. 

It remains to prove that the map {■, •} : A ® M. — t- Ai defined in this way satisfies 
(13T|)- (13:91). 

Pick a point b & U. It follows from the definition of the map m {/, m}, f E A, that this 

map extends to A^'' Ai^'' —J- A^^^ where A^'',Ai^'' denote the completions of A, Ad at 
b. These completions are defined as the completions above. Namely, let rib C A = C[f/][[t]] 
denote the maximal ideal of b. Then we can form the completions A^'' := ^im^ A/n^, Ai^'' : = 
^m^ A1/n^A^. Using the machinery of Subsection 12.101 we see that the functor i— )• A^^'' 

is exact and Af^ = A^*" ®a -M. 

Similarly, we can consider the completion (^^)^'^'(*) of A^ at 7r'(6). We remark that the 

inclusion A^ A induces an isomorphism (^^)^'^'('') = A^''. Now Ai^'' = A^'' ®a = 
A^" (^A -A M = (^^)^-'('') M = M^-'w. 

As in Lemma r3.6.1l there is a unique continuous bracket map (^^)^'"'(''' (8)A1 ^'^'(*) — )■ Al ^'^'C') 
extending the map A^ Al — J- Al. We have a natural embedding A ^ A^'' = (^")^'^'(*'), 
which gives rise to a bracket map A ® Ai^'' — )■ Ai^''. By construction, this map satisfies 
fl3.7p -( |3:9l) . Hence this map satisfies fl3.17p .( l3rT8ll . So it coincides with the map induced 
(=extended by continuity) from A<^ Ai Ai. 

So it remains to show that Ai — >■ A^^'' is injective. Let TV be the kernel. Then A/"^*" = {0}. 
We want to show that Af = {0}. Since the completion functor is exact and the t-adic 
filtration on A" is separated, we may replace A" with M /tM and assume that t acts trivially 
on N . By a discussion preceding Proposition 13.5.41 N can be equipped with a structure of 
a I^£-module. Then M is also a coherent (9£-module and, in particular, a vector bundle. So 
J\f^~= {0} implies A/" = {0}. ~ □ 
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Introduce the category HC^ ((C(H "l^)*'") similarly to HC ( (C(H "l^)*'")^) with the 



only difference that the Poisson bimodules in the new category are supposed to be ad- 
ditionally S-equivariant. So J-3 : (-)■ A^l^ is an equivalence HC ( (C(H^~|£)*"')^ ) — )■ 



The functor J-4: untwisting. 

Recall the elements Xij G c^*' (C(li^-\r)(Uij)) from Theorem 12. 5.31 We have isomorphisms 
C{u''-\f)\u, = Ciu'^-luJ and the transition functions from Uj to Ui for the sheaf C{'H''-\f) 
are exp{j a.d Xij) = exp({Xjj, ■}). Of course, the endomorphism {Xij,-} of M.\uij makes 
sense but its exponential does not because, in general, it diverges (with the exception of the 
case when all Ci are nilpotent). 

However, we have the following result: 

Lemma 3.6.4. There are elements h\ E At(t/j)^^ / = l,...,r, such that the operator 
m H- {Xij,m} — Yl[^i(h\ — y-j)Ci{m) on {M/ C{p'^^)M)\u,j is nilpotent for any M G 

HC^ (^(C(h''-||")) . 

Proof. We can represent Xij as tX^. + J^Ui ^i^^ where X^-, . . . ,Xr g 3*(C(H^^|£)(t/ij)). 
We remark that the elements X^j,! = l,...,r are not unique but their classes modulo 
tH + C(i)3*(C(H^^|£)(f/y)) are. This follows from the fact that 3(C(Hj^|£)(f/ij)) is flat 
over C[[c*j^^]]. To verify the last statement one uses the descending induction on k to show 
that 3(C(H;g|£)(f/ii)) is flat over C[[c^^^]] (compare with the proofs of Lemma [2.11.41 and 
Corollary ESS]). 

Consider the image x\j of the cochain X-^- in Oc and let denote its class in H^{C, Oc). 
Thanks to the uniqueness property for X^j from the previous paragraph and the fact that 
the collection exp(iXjj) is a cocycle, we deduce that the elements x{j form a cocycle for each 
I. We also remark that for an object M in HC^((C(H^-|£)*'") annihilated by C(p^^|£)*'^ the 
(left or right) multiplication by X'^ is the same as the multiplication by x\j. 

We are going to check that there are 6- such that 



1=1 

for any eigenvalue A = (Ai,...,Ar.) of {Ci, . . . ,Cr) on an object as in the previous 
paragraph (such an object is automatically a coherent (9£-module). 

The existence of the cochains 6- satisfying fl3.20p is equivalent to a\ := X^Li '^i^^ — 0- We 
have a natural map d : H^{C,Oc) — ^ H^i^L^^li) induced by the De Rham differential d. 
This map is injective because H^{C,C) = (all open subsets intersect). 

Let A be an eigenvalue of (Ci, . . . ,Cr) in Ai and A^a be the corresponding eigensheaf. 
Pick f G Vo and let {v, ■}i denote the Poisson bracket with v on A^aIc/^- So {v, ■}i — {v, ■}j = 
{^^i=iCidvxlj, ■} = M{dvx\j) . Recall the construction of the correspondence between 




r 



(3.20) 
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Poisson bimodules and P-modules in Subsection 13.51 From this construction it follows that 
Aix is a P^'^^-module. But Aix is a coherent O^-module. Proposition 13.5.31 implies that 
dax = 0. Hence ax = 0. 

Let us check that the elements b[ we have found satisfy the condition of the lemma. Let Ai 
be such as in the lemma statement. We may replace with JH/ C(p^^)|^A^ and assume 
that Ai is annihilated by C(p^^)|£'. The statement of the lemma will follow if we check 
that Ai has finite length. The action of 3*(C(H^^) l^") on Ai reduces to the action of Oc 
so that Ai becomes a coherent (9£-module. Consider Ai\u.. as a Poisson At|[/.-bimodule. 
This module is annihilated by tAt];/. and so, according to Proposition I3.5.4t is a coherent 
P[/.-module. It follows that the Poisson C(H )|£"-bimodule At has finite length. □ 

Fix b\ as in Lemma 13.6.41 Set Bi := ^[^^ 

Now we are ready to construct an "untwisting" functor 

Set 

(3.21) Xi, = t \n{exp{^Bj) exp(lx,,) exp{-^Bi)). 

We remark that Xij G C3*(C(H^-^|£))(f/jj) and moreover, 

(3.22) X,, = -B, + X,j + B, mod ei\C{W'^c)){U,,). 

fl3.22p holds because all brackets appearing in the Lie series (13.211) lie in c^i^ {G{^^-\c)){Uij) . 

We deduce from fl3.22l) and the definition of the elements Bi that exp({Xjj, ■}) is a well- 
defined map on Ai\uij- Let J^^{A4.) be the sheaf obtained from Ai by regluing the sheaves 
A\\ui using the transition functions exp({Xjj, ■}). Introduce a new structure of a Poisson 
C(H ~|[/.)-bimodule on Ai\ui by sending a section x of C(H ~|c/J to exp({i?j, ■})x. Then 
these Poisson bimodule structures glue together to a Poisson C(H ~|£)-bimodule structure 
on F4(A^). Since all transition functions are x P x S-equivariant, we see that Y^{Ai) G 

HC-(C(h''-|£))'^h. 

Conversely, let M G HC"(C(h''-|^)^h. Then exp(-{Xij, ■}) is well-defined on M\u,y So 
reversing the untwisting procedure explained before we get a functor 

hc-(C(h''-|£))^" -> hc-(C(h''-|2')^h. 

It is clear that this functor is (quasi)inverse to J-4. 

The functor J^^: taking fiat sections. Let M G IIC^(C(H ~\c))- Let J^r>{Ai) be the 
subspace of A4.{C) consisting of all sections annihilated by {Vq, ■}. We remark that being a 
finitely generated Poisson At|£-bimodule, Ai satisfies the assumptions of Proposition 13.5.41 
(the filtration M C(p^^|£)'^ has the required properties). So = A.t\c®c[[t]]J^^{,Ai) . 

Define the category HC^(C(H^^'')) by analogy with the category HC"((C(H^~|£)*"'). In 
particular, all Poisson bimodules in HC^(C(H^^°)) are complete in the C(p~*"^'')-adic topol- 
ogy. 

So we see that J-5 induces an equivalence HC"(C(H "l^)) — ?■ HC"(C(H )), a quasi- 
inverse equivalence is given by {-^hlc)®^^^]*- Clearly, J^^.J^^^ restrict to equivalences of 

HC-(C(H''-|£))'^« and HC"(C(H^''°))^h. 
The functor J'6(») = e(r) • e(r). 
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Recall the element e(r) G CF C C(H ") defined in Subsection 12.31 and the natural 
isomorphism H"^^° = e(r) C(H^^")e(r). 

So we can define J'g : HC=(C(H^''")) ^ HC=(H^''") by sending M to e(r)7We(r), see the 
discussion at the end of Subsection I3.3[ The functor J^q is an equivalence. Indeed, the right 
inverse functor constructed in Subsection 12.31 is nothing else but JV i— > C(A/'). It is inverse 
to J-e by the remarks there. 

The functor J'j: taking finite vectors. 

Let M e HC=(H ). We say that m G is locally finite with respect to (shortly, 
C^-l.f.) if it lies in a finite dimensional -stable subspace of M. The space of all C^-l.f. 
elements in Ai will be denoted by A^cx-«./.- It is clear that A^c^-i./. is a x S-equivariant 
Poisson H^-bimodule. We claim that Aicx -ij, is dense in Ai and is finitely generated as 
a H-bimodule. So we get the functor JV : HC"(H'^^°) HC^(H^), Mcx-ij.- This 

functor is an equivalence, a quasiinverse functor sends N G HC^(H ) to its completion in 
the p'^-adic topology. 

All claims are quite standard and follow easily from the fact that is positively graded, 
compare with the proof of Proposition 3.3.1 in |Lo2] . 

It is clear that J-7 gives an equivalence HC^(H °)^h ^ HC^(H 
The functor : HC(H) ^ HC^(H+)^h. 

For i > j set J-^j := J-^ o J^i_i o . . . J^j. Let := J^j^i. Let us list some properties of 

Proposition 3.6.5. (1) The functor is Sic) -bilinear, exact and monoidal. Also it 
commutes with the operators Ci. 

(2) For M G HC(H) we have = %f and only if Cn V(M) = 0. 

(3) // M is annihilated by p (from the left or from the right, these two conditions are 
equivalent) , then is annihilated by p . 

(4) V(M-|-) can be recovered from N{M) in the following way. Let V(M) = U •=! A be the 
decomposition into irreducible components and let Pj be a subgroup in P corresponding 
to Ci. Let Pj^, . . . , Pf be all subgroups in P conjugate to Pj inside P. Finally, let 

be the symplectic leaf in V+/T_ corresponding to T{. Then V(M-|-) = IJj . 

When we say that is S'(c)-bilinear we mean the following. For M G HC(H) let M[A;] 
denote the same module with the grading shifted by k: Wl[k]^ = M"^'^. Similarly, one defines 
the grading shifts for objects in HC^fH"*"). It is clear from the definition that M[A;]-|- = M-|-[A;]. 
Now we have morphisms M[— 2] — )■ M given by left and right multiplications by Cj (and also 
the morphism M[— 1] — )■ M given by the multiplication by h). When we say that the functor 
•l is 5'(c)-bilinear, we mean that it is additive and it sends the morphism [m h-)- Cjm] to 
[n H- Ciu] (and similarly for the right multiplications and for the multiplication by h). 

Proof. All functors J-'i are S'(c)-bilinear and commute with the Cj's. The functor J-'i is exact 
and the other functors J^i are equivalences. Further, all functors J-'i are monoidal (the tensor 
product functors on the intermediate categories are tensor products of (sheaves of) Poisson 
bimodules). Hence (1). 

(3) follows from the observation that all functors J-'i preserve the condition that a bimodule 
is annihilated by an appropriate ideal. 

Let us prove (4). Since is exact, we may replace M with M/cM and assume that 
c annihilates M. The associated formal scheme of J-'i(M) is nothing else but V(M)'^^ := 
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V(M) n X^. This follows from assertion (4) of Lemma [3.6.11 The associated formal scheme 
of J'4,i(M) is the preimage of V(M)^^ in = £ x {V;)^/r. It equals C x V(J'5,i(M)). 
The functor J^g does not change the associated schemes. Finally, V(J-6,i(M)) is just the 
intersection of V{M^) C V*/r with {V*)^/r. 

The claim of (4) easily follows from the description in the previous paragraph. 

(2) stems from assertion (4). □ 

Remark 3.6.6. We can extend to a functor between the ind-completions HC(H), HC (H^). 
The category HC(H) consists of all graded Poisson H-bimodules that are sums of their HC 
bimodules and the category HC (H^) admits a similar description. 

We will need the following remark in the proof of Theorem 11.3.21 

Remark 3.6.7. Pick / = 1, . . . ,r + 1 and let hi be a new independent variable. Set H(i) = 
ii(i)[hi]/ {ci — h^),7i{i) = 3(H(/)) = Zi[hi]/{ci — hf) (the latter equality stems, for example, 
from the Satake isomorphism. Proposition 12 . 8 . 11 and from the fact that H(;) is a flat S'(c(/))- 

module). Similarly, we can introduce the algebras H|'^-) , Z ^'^^ . 

Let HC(Z(i)) denote the category of locally finitely generated graded Poisson Z(;)-modules 

(=bimodules). Define HC {Zl(i)) in a similar way. We can define the functor : HC(Z(/)) — )■ 

HC (yZili)) completely analogously to •■i : HC(H) — )■ HC (H'*') (the functor J^g should be 
replaced with the identity functor). All properties of •■^ including Proposition 13.6.51 are 
transferred to the present situation without any noticeable modifications. 

3.7. Functor : HC"(H^)'^" — )■ HC(H). In this subsection we will construct a functor 
from HC (H^)^" to HC(H). This functor equals Qi o J-'fg, where Qi is defined as follows. 

Pick M G HC(H^^|£). Then its space Ai{C) of global sections is a C^-equivariant Poisson 
H-bimodule. Let (£);./. denote the sum of all HC sub-bimodules of A^(£). Note, however, 
that Ai{C)i,f, is not a priori HC itself because we do not know at the moment that A4{C)i,f, is 

finitely generated. Set Qi{Ai) = Ai{C)i,f,. This is a functor from HC^(H^) to the category 

IIC(H) from RemarkEXB Below we will see that e HC^(H) provided N e HC^(H^)^». 

It is easy to see that naturally extends to a functor HC (H"*") — )■ HC(H). 
Let us list some properties of the functor w^. 

Proposition 3.7.1. (1) The functor •'^ is left exact, S{t)-hilinear and commutes with 
the operators Ci. 

(2) The functor*^ : IIC^(H^)^h ^ HC(H) is right adjoint to : HC(H) ^ IIC^(H^)^h. 

Proof. To prove (1) we remark that Qi is easily seen to be left exact, while J-i, i = 2, . . . ,7 are 
equivalences (of abelian categories). Also all functors under consideration are S'(c)-bilinear 
and commute with the Cj's. 

Let us prove (2). It is enough to show that for M G HC(H) and M G HC(H^^|£)'^« the 
Hom-spaces Hom(M, (£);./.) and Hom(J-'i(M), A^) are naturally isomorphic. 

Let us remark that Hom(M, A^(£); j) = Hom(M, A^(£)). Any homomorphism (f G 
Hom(M, A^(£)) can be localized to a unique homomorphism ip\c '■ M|£ — > Ai (here M|£ 
stands for the sheaf theoretic pull-back of M|;t' to £). It is clear that (f\c is continuous 
in the p|£-adic topology. The completion of M|£ with respect to the p|£-adic topology 



COMPLETIONS OF SYMPLECTIC REFLECTION ALGEBRAS 



41 



coincides with J^i(M). So ip\c extends to a unique continuous homomorphism J^i(M) — )• Ai. 
Summarizing, we get a natural map Hom(M, A^(£); j) — )■ Hom(M^-c 1^, A^). 

Conversely, pick ip G Hom(J-'i(M), A^). Then we get the corresponding homomorphism 
: J-'i(M)(£) — )■ J^{C) between the spaces of global sections. Compose i'iC) with a 
natural homomorphism M — J^i(M)(£). So we get the natural map Hom(J^i(M), A^) — )• 
Hom(M, (£)/./.). It is clear that the maps we have constructed are inverse to each other. 

□ 

Now we are going to study the restriction of •'^ to a certain subcategory of HC^(H^)^". 
Namely, for A G Ah let HCf'+(H )x denote the full subcategory of HC"(H consisting 
of all bimodules satisfying the following two conditions 

(i) they are annihilated by from the left (and then automatically also from the right). 

(ii) The operator Ci = {cj, ■} is the scalar Aj for every i = 1, . . . ,r. 

Also let HCp(H)a be the full subcategory of HC(H) consisting of all modules annihilated by 
p from the left (and from the right) and satisfying (ii). Tautologically, HCp(H)A C B.C^(H.). 
Set HCp,a£(H)A := HCp(H)A n HCa/:(H), HCp,£(H)A := HCp(H)a/ HCp,a£(H)A. According 
to Proposition I3.6.5( induces a functor HCp^£(H)A — HCp+(H )x- The induced functor 

will also be denoted by We remark that p^ has finite codimension in and so all 
modules in HCp+(H^)A are finite dimensional. 

Proposition 3.7.2. The image of HCp+(H^)A under lies in HCp(H)A- The induced 
functor : HCp+(H^)A — ?■ HCp^£(H)A is quasiinverse to : HCp_£(H)A — > HCp(H^)A. 

Proof. The proof is in several steps. 

Step 1. Let N G HCp+(H )a. The left and right multiplication actions of the sheaf 

G{Ari\c®c[[ri]\^'^°) on F^l{N) factor through C(C£#r). The latter sheaf is naturally iden- 
tified with (9£®C(Cr) because F acts trivially on Oc. Furthermore, C^-equivariant 
C(C£#r)-bimodule, ^"775 (N) is just Oc ® C(N). 

The multiplication actions of H^^|£ on J^^l{N) still factors through Oc ® C(Cr). This 
follows directly from the construction of the functor J-4. Moreover, we claim that J^jl{^) 
is still isomorphic to Oc®C{N) as a S x C^-equivariant ® C(Cr)-bimodule. This again 
follows from the construction of J-4 and (ii): indeed, f l3.20p implies that is just a regluing 
by means of a coboundary with the necessary invariance properties. 

So as a {Oc ® C(Cr))=-module J^j^{^) is just {Oc ® C(N))-. Now J's"^ is just the 
pull-back with respect to the isomorphism 

e,:L*{SVi^T\x)^{Oc®C{CV)f 

induced from (12.111) : here l is the inclusion C ^ X . In particular, we see that the space of 
global sections of J^jl{N) is just {SVq ® C(N))". The algebra SVq is finite over C[£] and so 
{SVq ® C(N))^ is a finitely generated C[£]-module. So we have checked that 

• is naturally identified with {SVq ® C(NJ)^, 

• the left and right multiplication actions of H on N''' factor through I*(5'y#r), where 
T : C ^ X is the inclusion. 
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• the multiplication action of l*{SV^T) on (S'Vo(g)C(N))^ is obtained from the natural 
homomorphism r(5l^#r) {SVq O C(Cr))=. 
is a finitely generated 6*(S'V^#r)-module. 

In particular, we have checked that maps HCp+(H''')A to HCp(H)A. 

Step 2. Now let M G HCp(H)A. The action of H on M factors through r{SVi^V). 
The natural map M — )■ I*(M) is therefore an isomorphism. Then J-'i(M) is just the pull- 
back i*(M). Since J^i^2 is a category equivalence, we deduce from the previous step that 
^i(J-'i(M)) = t*(t*(M)) is a finitely generated C[£]-module. We are going to prove that 
both the kernel and the cokernel of the natural map M — )■ i^,(i*(M)) are supported on 
dC This homomorphism is nothing else but the natural homomorphism M — )■ k^.(k*(M)), 
where k stands for the inclusion C ^ C Its (sheaf-theoretic) restriction to C is just the 
isomorphism k*(M) — )■ k*{M). 

So we see that {•^Y is isomorphic to the identity functor of HCp^£(H)A. 

Step 3. Now it remains to prove that (•^)f is isomorphic to the identity functor of 

HCp+(H^)A. Again, this reduces to checking that the natural homomorphism J-'i{Qi{M.)) 

A4 is an isomorphism for any Ai G IIC(H^^ |£)a annihilated by p^^ |£. But on the level of Oc- 
modules the functor J^i o Qi is just k* o k^. Since k^{J^) is a finitely generated C[£]-module 
(see step 1), we see that the natural homomorphism M — ?■ /t*(/t*(A^)) is an isomorphism. □ 

Proposition 13 . 6 . 5l implies that restricts to a functor IIC£(H) — )■ HCg (H^)^"- The latter 
induces a functor : HC£(H) ^ HC^(H^)^h. 

Proposition 3.7.3. (1) Nt g HC^(H) for N G HC^(H^)^h. 

(2) For any M G HC£(H) the kernel and the cokernel of the natural homomorphism 
M (Mt)t he m HCa£(H). In other words, : HC^(H^)^h ^ HC£(H) is the left 
inverse to : HC£(H) ^ HC^(H^)^h. 

(3) The functor : HC£(H) — > 1100(2)"^" is a fully faithful embedding. 

Proof. (1). We are going to prove the following statement using the descending induction 
on I. 

{*i) Suppose N is annihilated by c^'^. Then G HC^(H). 

The base is Z = r. In this case N is annihilated by c and hence is finite dimensional. So it 
has a finite filtration, whose quotients are objects from HCp+(H )a for various A G Ah- To 

prove (*r) use Proposition 13.7.21 and the left exactness of . 

Now suppose that is proved and let N be annihilated by c^'^ Consider the homo- 

morphism N[— 2] — 7- N given by the left multiplication by Ci (recall that Cq := t). Clearly, 

commutes with the grading shifts and is a S'(c)-bilinear functor. Proposition 13.7.11 Let 
N° stand for the C;-torsion in N. Applying (*i+i) and a filtration argument, we see that 
jvj-of g HC£(H). Since is left exact, this reduces the proof to the case when N is C[c;]-fiat. 

So we get a monomorphism Nt[— 2] N^. Its cokernel is contained in (N/c/N)''". The 
latter lies in IIC£(H) by (*/+i). It remains to show that is a finitely generated H- 
bimodule (or a left module). This is done completely analogously to the proof of Lemma 
3.3.3 in [L32] . 

(2). Let M', M" denote the kernel and the cokernel of the natural homomorphism M — )■ 
(Mt)t. First of all, let us check that M' G HCa£(H). By Proposition [3CT the latter 
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is equivalent to M'^ = 0. But since is exact, we have the following exact sequence: 

^ M'^ Mt ^ [(Mt)^]t. From Proposition [SZH it follows that : HC^(H^) ^ HC^(H) 

is right adjoint to : HC£(H) — )■ HCq(H^). In particular, the natural homomorphism 
M| [(Mt)^]t is injective. So M\ = 0. 

It remains to show that M" = 0. First of all, suppose that M is annihilated by p. Then 
the claim follows from Proposition Next, consider the case when M is annihilated by 

c. In this case M admits a finite filtration whose quotients lie in HCp+(H )x- Since both 

functors [(•t)^]t are left exact, we see that Mj' = 0, compare with the proof of |Lo2] . 
Proposition 3.3.4. 

Consider the general case. By the previous paragraph, the natural morphism M|/cM| = 
[M/cM]-|- —7- [([M/cM]-|-)''']| is an isomorphism. Now a simple diagram chase shows that the 
projection of c[(M|)1']t to M" is surjective. Therefore cM" = M'^' and so M" = 0. 

(3) follows from (2) and some standard abstract nonsense. □ 

Remark 3.7.4. We use the notation introduced in Remark 13 i3. 71 

Similarly to the above we can define a functor : HC"(Z(;)) HC(Z(i)). Propositions 
I3.7.1|3.7.2I and Corollary 13.7.31 generalize to the present situation in a straightforward way. 
In particular, we have a functor : HCq(Z(;^) — )■ }lCci^{i))- 

3.8. Proof of Theorem I3.4.5L Let M G HC(H). Let N C M| be an HC sub-bimodule. 
Let N"'''^ denote the preimage of C (M^)''" under the natural homomorphism M — )■ (M-j-)^ 
The following lemma describes the properties of N^'^. 

Lemma 3.8.1. (1) M' := N^'^ is the largest (with respect to inclusion) HC sub-bimodule 
in M with M'^ C N. 
(2) Suppose Ml C N^M. Then N^m/Mi = (N/Mit)'^^/^! . 

Proof. (1): Let us check that (N^'^)-i- C N or, in other words, that the composition (N^^^)! 
Mj- M|/N is zero. By the adjointness property, the composition (N''''^)-|- M-|- M-|-/N 
gives rise to a morphism N''''^ — )■ [M|/N]^ and it is enough to check that the latter is zero. 
By the construction, the last morphism factors as 

NtM ^ M ^ [Mt]^ ^ [MtlVN^ ^ [Mt/N]^ 

The composition of the first three morphisms in the sequence above is zero by the definition 
of NtM. So (NtM)^ c N. 

Now let M' C M be such that M'^ C N. We need to show that the image of M' in 
(Mj-)"'' lies in N^. This follows easily from the adjointness property similarly to the previous 
paragraph. 

(2): This follows from the exactness of and assertion (1). □ 

The main result of this subsection and a crucial step in the proof of Theorem 13.4.51 is the 
following result. This theorem (together with a proof) is a complete analog of Theorem 4.1.1 
from [Lo2j . 

Theorem 3.8.2. Let M e HC(H) and N C be such that M^/N G HC=(H^). Then 
N = (NtM)^. 

Proof. Thanks to the exactness of •j and assertion (2) of Lemma [3.8. 11 we may assume that 
]\jtM — g_ So M embeds into (Mj/N)"''. The latter is an object in HC£(H) by Proposition 
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I3.7.3I So M lies in HC£(H). Since = [(M|)"'']|, below in the proof we may (and will) 
assume that M = [M^Y . So = 0. We want to show that N = 0. 
We will prove the following claim using the descending induction on /. 

N = provided M is annihilated by the left multiplication by c*-'-*. 

The base is the case I = r. In this case M is annihilated by c. 

We remark that since N lies in HCq (H ) and is annihilated by c, there is a nonzero HC 
sub-bimodule Ni in N annihilated by p^. But then nJ is nonzero by Proposition 13.7.21 and 
embeds into Contradiction. 

Now suppose we have proved Let M be annihilated by c'-'-'. First of all, consider 

the case when M is annihilated, in addition, by the left multiplication by c" for some n. Let 
Ml be the annihilator of C; in M. Since •■^ is exact and C;-linear, we see that Mi^ is the 
annihilator of C; in Mj, compare with Corollary 2.4.3 in [Lo2j (it does not matter whether 
we consider left or right actions). Also acts locally nilpotently on N. So if N 7^ 0, then 
N n Mil ^ 0. It follows that (N n M^Y ^ by (*z+i) and hence 0. So (*;) is proved 

provided M is annihilated by c" for some n. 

Consider the general case. By the above, we may assume that N is a flat left C[ci]-module. 
For sufficiently large n the module c"M has no torsion. So we may assume that M is C[c;]- 
flat. Therefore N| = for any HC sub-bimodule Ni C M| with c;Ni C N. So we may 
assume, in addition, that N C ISA^ is C;-saturated, i.e., c^m G N implies m G N, equivalently 
Mt/N is C[Q]-flat. 

Set N„ := N + cfM|. We remark that (Nj/^)| = N„. Indeed, apply assertion (2) of 
Lemma \3XT\ to cJ^M C and use the equality [(N„/cJ^M|)^^/^r^]| = N^/cJ^M^ that 
follows from the above. 

Set Tfc := N^/N|,_,_p We have the natural maps Nfc[— 2] — N^+i given by the left multi- 
plication by C;. Applying we get a morphism 

(3.23) Nt [-2] -> Nt^, 

again given by the multiplication by c;. We deduce that N|.^^ contains c^N^. In other words, 
Ci acts trivially on T^. Also the map (13.231) gives rise to a morphism 

(3.24) Tk[-2]^Tk+i. 

We can form the graded H(;4.i)-module T := 0^0-^^- Equip T with the structure of C[c;]- 
module by setting c^m for m E to be the image of m under the homomorphism fl3.24p . 
So T becomes an H(;+i) [c;]-module. 

Suppose that we know that T is finitely generated as an H(;+i)[c;]-module. In particular, 
there is G N such that T/v+n = c"T/v for any n ^ or, equivalently, NjY_,_„ = c"Njy + 
Nly+n+i. From this using the induction on k we can check that 

(3.25) Nj,^„ = cfN], + Nj,^„^,. 

Set M' := f]^ NJj. Then M' is an HC sub-bimodule in M, whose image in M/c"M coincides 
with the image of N]^,m ^ 0. The latter is nonzero since (Nj„)-|- = N^. Therefore M' is 
nonzero. Applying assertion (1) of Lemma [3. 8. ![ we see that Mlj. C for any m. But the 
intersection of is just N, so M!j. C N. Applying Lemma [3.8.11 again, we get M' C N'^, 
contradiction with N''^ = 0. 
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It remains to verify that T is finitely generated as an H(i_(_i)[ci]-module. Set C := 
(M|/Ni)'^. This is an object in YiC-^iYl) annihilated by c^'^^-* and, in particular, a graded 
H(i+i)-bimodule that is finitely generated as a left H(;+i)-module. The claim that T is finitely 
generated stems from the following lemma. The proof of the lemma will complete that of 
the theorem. □ 

Lemma 3.8.3. There is an embedding T ^ C[ci\ o/H(/+i)[ci]-mc»(i«/es. 

Proof. We will construct embeddings ^ : Ti ^ C such that tj+i(c/m) = Liijn). Since M^/N 
is a flat C[c/]-module, we have the following exact sequence 

(3.26) ^ Mt/Ni ^ Mt/N„+i ^ Mt/N„ ^ 0. 
Applying •'^ to fl3.26p . we get the exact sequence 

(3.27) ^ (Mt/Ni)t ^ (Mt/N„+i)t ^ (Mt/N„)^ 

We have a natural embedding T„ ^ M/N|j_^^ (M-|-/N„+i)''", whose image in (M-|-/N„)"l" 
vanishes. This gives rise to an embedding t„ : T„ ^ C. The claim on the compatibility with 
the multiplication by Ci stems from the following commutative diagram. 





C 



(Mt/N„+0^ 



id 



T 



T 



n+1 



C 



(Mt/N„+2)^ 



(Mt/NO^ (Mt/N„+i;. □ 

Let us complete the proof of Theorem I3.4.5[ 

Proof of Theorem 3.4-5[ (1) and (3) follow from Proposition 13.6.51 (2) follows from Propo- 
sitions I3.7.H 13.7.31 The claim that the image of is closed under taking quotients follows 
from Theorem 13.8.21 Now (5) follows easily from (2) and the exactness of 

The proof of (4) is completely analogous to the proof of assertion (4) of Theorem 1.3.1 in 
[L^ . □ 

Remark 3.8.4. We preserve the notation of Remarks 13. 6. 7113.7. 4[ Again, all constructions of 
this subsection apply to the functors : HC(Z(;)) HC^(Z|'^)), : HC^(Z|',)) HC(Z(i)). 
The straightforward analogs of Theorems 13. 8. 2^ 13.4.51 hold for these functors. 

3.9. Proofs of Theorems I1.3.1[[T!3.2[I3.4.6[ We start by constructing functors required 
in Theorem 13.4.61 

Let M GcHC('H)c'. Pick a filtration as in Definition [3Al and set M := Rn{M). 

Then set A^t := M^/{h - 1)M|. It is easy to see that A^t G ^ HC^(K"^)c'. As in Subsec- 
tion 3.4 of |Lo2j . we see that M.^ does not depend on the choice of the filtration Fj (or 
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more precisely, the objects constructed from different filtrations F, F' are isomor- 

phic via a distinguished isomorphism) so the assignment Ai ^ Aij does define a functor 
cB.C{'H)c' — T-c HC"(2i''')c'- We remark that is a tensor functor, this is proved completely 
analogously to assertion (1) of Proposition 3.4.1 in |Lo2] . 

Similarly, for GcHCo(K'^)c' one can define J\f^ ecB.Cj{'H)c'- 

Now Theorem 13.4.61 can be deduced from Theorem 13.4.51 in a straight-forward way. 

To prove Theorems II. 3. 1111. 3. 21 we will need their analogs for the algebras H, H and 
Z(i),Z(;). For a Poisson two-sided ideal I C H set := (f^^^^ T-I)^"^- In other words, 

is the kernel of the map H — i- (H^/ f]^^^'y.iy. Let JD(H) denote the set of graded 
Poisson two-sided ideals of H. Let Jdcitl) stand for the subset of 30 (H) consisting of all 
J G JD(H) with V(H/J) = C. Define the sets (H ), 3do(H ) in a similar way. Finally, let 
30q (H ) denote the set of S- invariants in 3do(H ). It is clear that 3j G JOq (H ) provided 
J G 3dc(tl) and that G 3f£(H) whenever I G aOolH"^)- 

Theorem 3.9.1. The maps introduced above enjoy the following properties. 

(1) J n S{c) c Jt n 5(c) and I n S{c) c It n S{c). 

(2) J C (Jt)^I D (It)t for any J G ao(H),I G ao"(H^). 

(3) {Jt: Jcac)£(H)} = JO=(H+). 

(4) We have V((Jt)VJ) C dC. 

(5) Consider the restriction of the map I i— )■ 1^ to the set of all maximal ideals in JOg (H^) ■ 
The image of this restriction is the set of allprime ideals J G 3dc{ii) such that 
S'(c)nJ is a maximal homogeneous ideal in S{c)\j Further, each fiber of the restriction 
is a single S-orbit. 

Recall that a two-sided ideal / in an associative algebra A is called prime if aAb C / 
implies a E I oi b E I. 

Proof of Theorem \1.3.1[ Assertion (1) follows easily from the fact that the functors and 
are S'(c)-bilinear. Assertion (2) follows from Lemma 13.8.11 Assertion (3) follows from 
assertion (3) of Theorem 13.4.51 applied to I/(I"'')-|- C (H/I"'")-|-. In fact. Theorem 13.8.21 implies 
that i}-^)] = I provided I G JI)q(H). Assertion (4) follows from assertion (2) of Theorem 
[3A1 

Let us prove assertion (5). Our argument closely follows the lines of the proof of the 
similar statements for W-algebras, see |Lol] . the proof of assertion (viii) of Theorem 1.3.1, 
and |Lo2] . the proof of Conjecture 1.2.1. The proof is in several steps. 

Let 3^0(H)cc, 3fO (H )cc denote the subsets in 25c)(H),UO(H ) consisting of all ideals whose 
intersections with S{c) are maximal homogeneous. 

Step 1. We claim that for any prime Poisson ideal J G DfO(H)cc the associated variety 
V(H/J) is irreducible. Our claim can be easily deduced from Ginzburg's results, |G2j . but 
we will present a proof based on our techniques. Let £i be a symplectic leaf of maximal 
dimension in V(H/J). Then we have an inclusion J C Ji := (Jf)''', where •],*^ are taken 
with respect to Ci. Since the Gelfand-Kirillov dimensions of H/J and H/Ji coincide (and 

""^Of course, S'(c) has the augmentation ideal (c) that contains any other homogeneous ideal. When we 
speak about maximal homogeneous ideals we mean homogeneous ideals that are strictly contained in (c) and 
are maximal among such. 
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coincide with dim£i + 1), Corollar 3.6. from |BoKr] implies J = Ji. This argument also 
implies the surjectivity statement in (5). 

Step 2. Now we claim that an element J G 3dc{ii)cc is a prime ideal if and only if J is 
maximal in 3'0c(a)cc with respect to inclusion. Indeed, a non-maximal element cannot be 
prime thanks to Corollar 3.6. from |BoKr] . Now let J be a maximal element in 3()c{ii)cc- 
Consider the radical For any z e Z the map b i— )■ {z, b} is a derivation of H. If an ideal 
is stable with respect to some derivation d, then its radical is also d-stable, see [Q, Lemma 
3.3.3. So we see that y/j is a Poisson graded ideal and hence y/j E 3'0c(ti)cc- It follows that 
J = Therefore we have the prime decomposition J = nr=i J*- J* again Poisson 
and graded, this is proved as above using [D], Lemma 3.3.3. So V(H/Ji) is the closure of a 
symplectic leaf, thanks to Step 1. It follows that some Jj lies in 3'Cic{ii)cc and hence J = Jj. 

Step 3. To complete the proof it remains to show that for a given maximal (=prime) ideal 

J G 3dc{ii)cc the set A of the maximal ideals I G 30o(H )cc with = J is a single S-orbit 
(it is clear from the definition that this set is S-stable). Pick I G A. Then, as we have 
noticed in the proof of (3), J-|- = The r.h.s. coincides with f]^g^7.I. It follows that 

Cl-yeE'y-^'^ ~ n7GH7--'-2 ^uy Ii,l2 G A. So Ii,l2 are conjugate under the S-action. □ 

Proof of Theorem ] 1. 3. 1[ Embed 3d{7ii^c), '^^{Htc) i^to Jc)(H), 3'i){'H^), respectively, by send- 
ing, say, J' G 3()('Hi,c) to Rni^J). Assertion (1) of Theorem 13.9.11 implies that the maps 
in Theorem 13.9.11 restrict to maps between 3'0c{Hi,c)^'^^Q{lLt The proofs of assertions 
(1),(2),(3) of Theorem 11.3.11 now follow from the corresponding assertions of Theorem 13.9.11 
It is easy to see that J G 2?0('Hi,c) is prime provided Rh{J) is. Assertion (5) of Theorem 
13. 9. II implies the analog of assertion (4) of Theorem 1 1 . 3 . ll where "primitive" is replaced with 
"prime". Now it remains to use the fact that any prime two-sided ideal in "Hi^c is primitive, 
see Theorem Al in |Lo3] . □ 

Proof of Theorem \1.3.B. Choose the minimal number / such that q 7^ 0. We may assume 
that Q = 1. Then Rfi^{Zc) is the quotient of Z(;) by the ideal generated by Cj — hfci,i = 

l,...,r. 

Thanks to Remarks 13.6.71 13.7.41 13.8.41 we can follow the proof of Theorem 13.9.11 to see that 
there are maps : 3d£,{Zc) — ?■ 30q(Z^),«^ : 3<)o{Z_'^) — )■ 3dc{Zc) enjoying the following 
properties. 

(1) The image of J' J'j coincides with 2?()q (Z^). 

(2) We have V((Jt)V^) C dC. 

(3) Consider the restriction of the map X 1— )■ to the set of all maximal ideals in 
3Do{Z'^). The image of this restriction is the set of all prime ideals J' G 3dc{Zc). 
Further, each fiber of the restriction is a single H-orbit. 

Now the proof of Theorem 11.3.21 basically repeats that of Theorem ll.3.1[ 

□ 

Remark 3.9.2. As in the proof of Theorem 13.9.11 V(jr) is irreducible for any prime ideal 
J7 G 3d{Zc). Alternatively, this follows from Martino's results, jM] . 

3.10. Definitions of functors using O^. For applications in Section [5] we will need more 
simple minded versions of the functors , Namely, above we used the isomorphism 
9 : H^-^|£ A- C(H.^-\^^)^ to pass between the H- and H-sides. Now we are going to use the 
isomorphism 0'' : H'^'' ^ C(H^°), where b E C The last isomorphism can be obtained from 
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by passing to completions, compare with the discussion in the end of Subsection 12.51 The 
main disadvantage of using B'' is that we do not see the action of S. An advantage, however, 
is that the construction using 9^ is easier to deal with. 

We are going to construct functors ^t,,, : HC(H) -> HC(H^) and .t'^ : HC(H) ^ HC(H+). 

The functor •^^b is given by = J-y o J^g o o 6j(«^''). Here •'^'^ is the comple- 
tion functor at h mapping from HC(H) to HC(H'^''), where the latter is defined anal- 
ogously to HC(H^-'^|£) (the C^-equivariance condition is replaced with the equivariance 
with respect to the derivation E induced from the Euler derivation on H). The functor 

J"^ : HC(C(H)^«) ^ HC(C(H^)^«) is constructed analogously to (see Subsection ES]) 
and is a category equivalence. 

The functor w^'^ is defined as [(6^)"^ ° ^'^^ ° ° -^f^ (•)](./. 5 where the subscript "/./." 
has the same meaning as in the beginning of Subsection 13.71 

The following lemma describes some properties of the functors 

Lemma 3.10.1. (1) The bifunctors B.om{»^^h,o) and B.om{»,o^'^) /rom HC(H)°PxHC(H^) 
to the category of vector spaces are isomorphic. 

(2) There is a functor isomorphism between •^^h and the composition of •■^ with the for- 
getful functor HC^(H"^) ^ HC(H'^). 

(3) There is an embedding of •'^ (or, more precisely, of the composition of •'^ with the 
corresponding forgetful functor) into 

Proof. The first assertion is proved in the same way as assertion (2) of Proposition 13.7.11 

Let us prove the second assertion. For M G HC(H) the object 0^(M^'') is naturally 
identified with the completion of ^-"4 i(M) at a point h&C lying over h. So we have a natural 
map J-'5,i(M) — !■ o 6^(M^''). The proof that J-5 is an equivalence given in Subsection 13.61 
implies that the map under consideration is an isomorphism. Assertion (2) follows. 

To prove the third assertion we notice that (0^)~^ o J^'^^ o J^^^ o J^^^^H) is naturally 
identified with the completion of J^jliJ^) at h. The only global section of J^jliJ"^) that 
vanishes at the formal neighborhood of h is zero. This implies assertion (3). □ 

Remark 3.10.2. Proposition 13 . 7. 31 implies that N^^ is a finitely generated bimodule provided 
N G HCq (H"*"). In fact, N''"'^ is finitely generated for any finite dimensional N as well. The 
proof is completely analogous to that given in Propositions I3.7.2|3.7.3[ 

For an ideal X C we can define the ideal X^''' C H similarly to X^, see the beginning 
of Subsection 13.81 The following statement follows from assertions (2), (3) of Lemma [3.10.11 
and the constructions of Xf''',X-'-. 

Corollary 3.10.3. X^'^ = for any ideal X C H^. 

Corollary 3.10.4. //X C Td^c ^■^ primitive ideal, then so is 2^ G Hi^c- 

Proof. It is enough to show that is prime, see the main theorem from j Lo3] . The proof 
basically repeats that of assertion (iv) of Theorem 1.2.2 in |Lolj . We will provide the proof 
for reader's convenience. 

First of all, we note that X^ is prime provided RniT^) = Rni^Y is. The ideal in Rhi'Hi^c)^'' 
corresponding to RniT) under the bijections explained above is prime. So we need to check 
that Jn := Rh{Hi^c)^Jfi is prime for any prime ideal C RniTii^c)^'' ■ Assume the contrary: 
let J^, Jl be two-sided ideals with JUI C and Jn C Jl, J^. Then {JlY^{JlY^ C J'^ 
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hence, say, (J'^)'^" C Jj^. Therefore C (JT^)^" H RniUi^c) C Jh, a contradiction. So J'/j is 
a prime ideal. □ 

4. Applications to general SRA 

4.1. Proof of Theorem 11.4.11 We begin the proof with the following algebro-geometric 
lemma that should be standard, compare with |BrGo] . the proof of Theorem 4.2. The proof 
was essentially suggested to me by I. Gordon. 

Lemma 4.1.1. Let Xi,X2 he varieties, Yi,Y2 irreducible divisors of Xi,X2 contained in all 
irreducible components of Xi,X2, respectively, and Ai be an Oxi-coherent sheaf of associative 
algebras on Xi,i = 1,2. Suppose that: 

(1) A2 is a trivial sheaf of algebras on X2 \ Y2. 

(2) There is an isomorphism {} : (Xi)y^ — )• {X2)y2 '^/^^^ completions such that the sheaves 
of algebras i}* {l2{A2)) , lI{Ai) are isomorphic. Here ti is the canonical embedding 

Then there is a neighborhood Ui ofYi in Xi such that the fiber of Ai at any point u G Ui\Yi 
is isomorphic as an algebra to a fiber of A2- 

Proof. Shrinking Xi,X2 if necessary we may (and will) assume that Ai is a free sheaf on 
Xi \ Yi of rank, say, r. Also we can assume that Xi is affine. Let /i denote a function in 
C[Xi] that vanishes on Yi. 

Consider the space M of all algebra structures on C, i.e., maps C" ® C — > C^. Let Z 
denote the locally closed subvariety in M consisting of all algebra structures isomorphic to 
a fiber of A2 (at any point of X2 \ Y2). Let 1,1 C. C[M] denote the ideals of the closure Z 
and of the boundary dZ. Let z be a point in Z. It corresponds to a choice of a basis in some 
fiber of A2. 

Fix a section s of ^1. It defines a morphism s : Ai \ Yi — )■ M. We claim that s*{I) is zero 
and s*{I) is not. The algebra C[Ai]j^ maps to A := (C[Ai]yJj^. (2) can be interpreted as 
follows: there is an element g G GLr{A) such that s*(/) = f{gz) (the equality in A). 

First of all, let us show that f{gz) = for / G /. We have f{gz) = (in C) for all 
/ G GLr(C) and hence f{gz) = (in C[A]jJ for all g with coefficients in C[A]jj (not 
necessarily invertible). Any g G GLr{A) can be written as fl^gi, where gi has entries in 
C[Ai]y^. Now any gi G GLr(C[Ai]yJ is the limit of a sequence of elements with entries in 
C[A]. It follows that f{gz) = for all g G GL,(A). So s*{f) = and hence s*{I) = {0}. 

The proof that s*(/) 7^ {0} is similar. □ 

Proof of Theorem \1.4-1\ We preserve the notation used in the proof of Theorem 11.3.21 Let 
£ be such that q G Jdci^^c)- 

Set Xi = Spec{Rn,{zS),X2 = Spec(i?r, (^)") = V* x Spec(i?ft,(Z+)=). Further, let 
Ai,A2 be the sheaves on Xi, A2 corresponding to i?s,('Ho,c), C(-Rs, (Ko c))^- The latter sheaf 
is just the product of Oy* and the sheaf on Spec(i?;i, (Z^)") corresponding to CjRhi (T^p^c))^- 
Theorem 12.5.31 implies that there are open subsets X°,X2 of Xi,X2 such that there is an 
isomorphism {} : (X^)^ — (X^)^ satisfying '(9*(t2(^2)) — '-1(^1)- Here li,L2 have similar 
meanings to Lemma 14.1.11 and (X?)^ stand for the formal neighborhood of £ fl X? in X? 
(we assume that X° fl £ C C). 

Now let us introduce Xi, X2, Yi, Y2, Ai, A2 for which we are going to apply Lemma 14.1.11 
Let Xi be the intersection of X° with the set of zeros of Rrl^{^)■ Set X2 := (Vq x Xg)/^, 
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where is the set of zeros of i^s, (qi). For Yi we take the divisor of zeros of hi in Xj. These 
divisors are isomorphic to open subsets in C hence are irreducible. Finally, let Ai,i = 1,2, 
be the restrictions of Ai to Xj. 

The claim that restricts to an isomorphism (Xi)y^ — )■ {X2)y2 follows directly from the 
construction of Rfi^{q)p 

So we see that for a general point y of C we have 

'Ho,c/'Ho,c% — C(2i(}^^/K(tcll) 

(the r.h.s. is a typical fiber of ^2)- Thanks to |BrGo] . Theorem 4.2, the algebras in the l.h.s. 
are pairwise isomorphic for all y E C. This proves Theorem 1 1 . 4 . 1 1 for any y E C. □ 

4.2. Simplicity of "Hi ^ for general c. The following theorem and its proof (modulo The- 
orem 11.2. ip were communicated to me by P. Etingof. This was the first motivation to state 
Theorem 

Let Q denote the field of algebraic numbers. 

Theorem 4.2.1. There is a finitely generated subgroup A C such that the algebra Tii^c 
is simple whenever Yll=i ^i^i ^ ^ /^'^ ('^«)i=i ^ ^ \ {0}- 

Proof. Step 1. First of all, let us study the set of all parameters c such that "Hi^c has a finite 
dimensional representation. We claim that there is a lattice A° C Q such that the algebra 
"Hi^c has no finite dimensional representations whenever Ym=i ^i^i ^ ^ fo'^ i^i)i=i ^ 

Let us reduce the proof to the case when F is generated by symplectic reflections and is 
symplectically irreducible. The reduction is standard but we provide it for reader's conve- 
nience. 

First, we claim that Hi^dV, F) has a finite dimensional representation if and only if 
Tii^ciV, F') does, where F' is the subgroup of F generated by all symplectic reflections. In- 
deed, it is easy to see from f 1 1.2 1) that Tii^ciy, T) = Hi^ciY, TO^i^r'T- Here the meaning of the 
right hand side is as follows. Let A be an associative algebra containing CF' and acted on by 
F in such a way that the restriction of the F-action to F' coincides with the adjoint action of 
F' C A. Then as a vector space ^#r'F is just A (8>cr' CF and the product is defined in the 
same way as for A^T . Now if \^ is a non-zero left ^-module, then CF (8>cr' ^ is a non-zero 
^#r'F-module. Since A is included into ^#r'F, this shows the equivalence stated in the 
beginning of the paragraph. 

Let us now explain the reduction to the case when the F-module V is symplectically 
irreducible. The F-module V is uniquely decomposed into the direct sum of symplecti- 
cally irreducible F-submodules V = 0-=i Vi (Vi is said to be symplectically irreducible 
if it cannot be decomposed into the direct sum of two proper symplectic submodules). 
Moreover, since F is generated by symplectic reflections, it decomposes into the direct 
product n!=ir«5 where Fj C Sp(Vi) is generated by symplectic reflections. In particular, 
S = Y[i=ii^ ^ Tj)- a consequence of this discussion, we have a tensor product decom- 
position Tii^ciV,^) = 0j=i '^i,c»(^) Ti)) where c* is the restriction of c to S fl Fj. Clearly, 
"Hi^c has a finite dimensional module if and only if every 'Hi^c^{Vi,ri) does. So it is enough 
to assume that V is symplectically irreducible. 

Let M be a finite dimensional ifi^c(V^, F)-module. Then the trace of [x,y] on M is for 
any x,y eV C Hi^c{V,T). Therefore (11. 2p implies that 

r 

(4.1) (dim M)u{x, y) + Y, n^{M)ciUi{x, y) = 0, 

i=l 
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where nj(M) denotes the trace of s E Si in M, and Ui := J2seSi ^s- We remark that ui is a 
F-invariant skew-symmetric form. Therefore Ui is proportional to cj, say Ui = rriiU. So we 
can rewrite (14. ip as 

r 

(4.2) dim M + ^ni{M)miCi = 0. 

i=l 

Consider the subgroup A*^ C generated by (mjnj(M'))[^;^, where M' runs over all 
irreducible F-modules. (14. 2 p implies that A° satisfies the condition in the beginning of the 
step. 

Step 2. Now let £ be a symplectic leaf of V* /T and F C F be such as above. Let 
denote the quotient of C(i) by the space of all Cj with fl F = 0. The space (c^)* is a 
subspace of c*^) spanned by some basis vectors. So the form (c'^)*(Q) makes sense and it 
is a subspace in c^-,^^(Q) = Q*^. Consider the algebra Tii^c constructed from C. According 
to step 1, there is a finitely generated subgroup A^ C (c^)*(Q) such that Ki c has no finite 
dimensional representations provided ^^^^ CjAj ^ Z for every 

{Xi)Ui e A^. Let A be the 

subgroup in generated by A''' for all symplectic leaves C C V* /T. Let us prove that this 
A satisfies the conditions of the theorem. 

Let J C "Hi^c be a two-sided ideal. Pick a symplectic leaf C such that £ is an irreducible 
component of Yil-Li^d J)- Then jTf C Hi c is of finite codimension. It follows that T/^^ ^ has a 
finite dimensional module. So some linear combination like in the statement of the theorem 
should be integral. □ 



5. Rational Cherednik algebras 

5.1. Content. In this section we consider the case of rational Cherednik algebras in more 
detail. Recall that a rational Cherednik algebra is a special case of an SRA corresponding 
to a special pair (V, F). Namely, let f) be a complex vector space and ly be a finite subgroup 
in GL(f)). Then we set V := \) ®^* and take the image of W under a natural embedding 
GL(f)) ^ Sp(l^) for F. The corresponding SRA is given by the following relations, see |EGj . 

[x, x'] = [y, y'] = 0, X, x' G fi*, y, y' E f). 
(^•^) [y,x] = t{y,x) - ^c(s)(x,a^)(y,a,)s. 

Here as € [)*, G f) are elements that vanish on the fixed point hyperplanes (f)*)* and 
satisfy {as, a^) = 2. We remark that the independent variables c(s) here are not exactly the 
same as in (11.21) - to get that setting we need to multiply c(s) from (15.11) by —1/2. Since 
it is common to present the rational Cherednik algebras in the form (15. ip . we will use this 
version of c(s)'s from now on. 

Many questions considered in the present paper in the case of Cherednik algebras were 
studied previously. One goal of this section is to compare our results and constructions with 
the existing ones. Another goal is to strengthen some of our results in this special case. 

There is a version of the isomorphism of completions theorem for rational Cherednik 
algebras due to Bezrukavnikov and Etingof, |BE] . In the first subsection we will compare 
their result with ours. In Subsection 15.31 we will use the explicit form of the completions 
isomorphism obtained in |BEj to relate the associated varieties of the ideals 1,1^. 
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In Subsection 15.41 we will show that our notion of Harish- Chandra bimodules agrees with 
one from |BEG2j . Subsection 15.51 contains an alternative definitions of functors •-j-^b, that 
is based on the coincidence of the definitions. In |BEj the isomorphism of completions was 
used to construct certain induction and restriction functors. In Subsection 15.61 we will apply 
the description of Subsection 15.51 to estabhsh a relationship between those functors and the 
•j, •■'■-maps between the sets of ideals. We also apply that description in Subsection 15.71 to 
study the Harish-Chandra part of the space of maps between two modules in the category 
O. 

Finally, in Subsection 15. 8l we describe the two-sided ideals in the rational Cherednik algebra 
of type A, i.e., corresponding to the symmetric group Sn- 
Below we will write W for F, and W_ for F. 

5.2. Bezrukavnikov-Etingof s isomorphism of completions. As before take the sym- 
plectic leaf C C V* /W corresponding to a subgroup W_ C W. Pick a point 6 G t) with 
Wb = W_. In |BEj Etingof and Bezrukavnikov discovered an isomorphism i)^ : H^* — )■ C(H^°). 
The homomorphism is the only continuous homomorphism satisfying 

[^\u)f]{w) = f{wu), 

[^\x.)f]{w) = {x^, + {b,wa))f{w), 

e G f)*,a e f),/ G Funty(W, H^o). 

Let us explain the notation used in the formula. By Xa,Xa we mean the images of a G f)* 
under the embeddings ()* ?■ H,H. By we denote a unique non-unit eigenvalue of s on 
f)*. 

The homomorphism i)'^ is an isomorphism. Indeed, modulo c the homomorphism t?'' co- 
incides with the isomorphism induced by Oq constructed in Subsection 12.51 Since H'^'' is 
complete in the c-adic topology, 'd'^ is surjective, and since C(H^'') is flat over C[[c*]], is 
inject ive. 

We remark that we have a (C^)^-action on H given by {ti,t2).x = tlx, {ti,t2)-y = 
t^y, {ti,t2).w = w, (ti,t2).Ci = t\t\ci for x G [)*,?/ G f),w G W. There is an analogous 
action on H. The isomorphism 'd^ is equi variant with respect to the second copy of C^. 
This is checked directly from the formulas above. Also tracking the construction of the iso- 
morphism 9 : H^^l^ — )■ C(H^-|^)^, we see that it can be made (C^)^-equivariant. So the 
isomorphism 6^ : H^'' — C(H^°) induced by 6 is also equivariant with respect to the second 
copy of C^. 

We do not know whether it is possible to find 9 with 9^ = 'd^ . However, the following 
claim holds. 

Lemma 5.2.1. There is an element fee® C[fi/iy]^° such that 9^ = exp(i ad(/))'i9^. 

Proof. Consider the automorphism p := 9^ o {d^)^^ of the algebra C(H^°). This automor- 
phism is the identity modulo c and is x W^-equivariant. So p = exp((i), where c? is a 
c-linear x 14^-equivariant derivation of C(H^°). As in the proof of Proposition 12. 1 LTl we 
see that d = ^ ad(/) for some / G C3*(C(H^°)). We may assume that \ f is x 1^-invariant. 
But the latter just means that / G c ® C[\]/W]^''. □ 
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In particular, we see that 6^{x) = for a; G f)* (in fact, this follows directly from the 

C^-equivariance condition). 

5.3. Associated varieties and In this subsection we will use the results of the previous 
one to relate the associated varieties of the ideals I C H and C H. 

In the sequel we will need a remarkable Euler element in H. It is given by the following 
formula: 

(5.3) h = f + 

i=i ses 

Here yi, . . . , ?/„ is a basis in f), and Xi, . . . , x„ is a dual basis in f)*. A crucial property of h 
is that [h, Xj] = Xi, [h,yi] = —yi for all i. We can define the Euler element G H in a 
similar way. 

Proposition 5.3.1. Let I be a Poisson ideal in H . Suppose that V(H^/I) coincides with 
the closure of the symplectic leaf Cq C V^/W corresponding to a subgroup Wq C W_. Then 
V(H/I*) coincides with the closure of the leaf Cq C V*/W corresponding to Wq{c W). 

Proof. Set f)+ := f) n V+. First, we are going to show that the associated variety of I fl C[f)+] 
coincides with 

To this end let us show that the associated graded ideal gr I of I with respect to the usual 
grading coincides with the associated graded gr^I for the grading induced by the -action 
considered in the previous subsection (we will call it the ?/-grading because the degree of 
?/ G f)+ is 2, while the degree of x E i)*^^ is 0). 

The C^-action on given by t.x = tx,t.y = t^^y,t.w = w,t.h = h,t.Ci = Ci,x G 
i)\,y G [)+ is inner, the corresponding grading is the inner grading given by eigenvalues of 
iad(h^). Being Poisson (and so ^ ad(h+)-stable), the ideal I is graded with respect to the 
inner grading. The standard grading and the y-grading differ by the inner grading. This 
implies the claim in the previous paragraph. 

Now I n C[P)_|_]— is the 0th component in gr^(Z_,_ fl I). To establish the statement in the 
beginning of the proof it is enough to check that the associated variety of the C[f)+]— -module 
C[[)+]/C[f)+] n I coincides with 7rw_{h^'^)- The latter is nothing else but the projection of 

V(H'''/I) = 7iw_{V]^°) to h+/W under the natural morphism V+/W_ -» i)+/W_. So it coincides 
with the variety of zeros of I fl C[[)+]— . This implies the claim in the beginning of the proof. 

Now let us show that the variety of zeros of I''' fl C[f)]^ is contained in 7iw{i)^°)- Let At 
stand for the Weyl algebra of V— and let / be the ideal of 7rjy(f)'^°) C C[f)]— . By the above, 
(At ^c[t] I) n C[[)]— D for some n. By the construction of using 9'^ given in Subsection 
Km we see that I* D {6'')'^ [{At ®c[t] I) n C[[)]^]. Now we can use Lemma EXU and the 
explicit form of 'd^ to see that D /" fl C[[)]^. This implies the claim in the beginning of 
the paragraph. 

So we see that V(H/I-'-) C iTwiV^'^). Let us prove the equality. The dimension of 
V(H^/(I-'-)l) equals dimV(H/I^) — dimy— by assertion 4 of Proposition 13.6.51 On the 
other hand, dimV^'> - dimV^ = dimV:^" = dimV(H /I). It remains to notice that 
(I^)t C I and so dimV(H^/(I^)t) ^ dimV(H^/I). □ 
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5.4. Equivalence of definitions of Harish-Chandra bimodules. Let us recall the no- 
tion of a Harish-Chandra Hi,c-^i,c'-bimodule from |BEG2j . Consider the subalgebras (Si))^ , 
{Si}*)^ C Ui^c^Hi^d- In |BEC2] an ?^i,c-Hi,c'-bimodule M is called Harish-Chandra if the 
operators ad(a), ad(6) are locally nilpotent on JkA. for any a G (Sf)*)^ and b e (S'f)*)^. The 
goal of this subsection is to show that this definition is equivalent to Definition 13.4.41 (we 
remark that no analog of the Berest-Etingof-Ginzburg definition is known for general SRA). 

The easier implication is that a HC bimodule in the sense of Definition 13.4.41 is also HC 
in the sense of |BEG2] . This is based on the following proposition. 

Proposition 5.4.1. Let M G HC(H). Then the operators ad(a),ad(6) are locally nilpotent 
for anyae iSi)*)^,be (Si))^ . 

Proof. Recall the Euler element h G H defined by fl5.3p . Hence ^[h, ■] is a grading preserving 
linear map M — > M. So we have the decomposition of the graded component Mj into the 
direct sum 0^ Mj „ of generalized eigenspaces of ^ ad(h). For /3 G C set M(^) := 0^ Mj^^+j. 
Then xM(/3) C M(^) for any x G [)*, while 1/M(^) = M(^_2) for y G f). Since M is a finitely 
generated graded H-module, we see that there are finitely many elements /Sj G C with the 
property that M(^) = whenever (3^ — (3 ^ Z^o- 

On the other hand, for a G (S'f)*)'^ we have ad(a)M(^) C M(/3) and hence iad(a)M(^) C 
M(y3+2)- It follows that the operator ^ ad(a) is locally nilpotent. The proof for h G (Sf))^ is 
similar. □ 

The following claim follows directly from Proposition 15 .4. 11 and the definition of cHC('H)c'. 

Corollary 5.4.2. Any Ai GcHC('H)c' is a Harish-Chandra bimodule in the sense of |BEG2] . 

Proposition 5.4.3. Let a 'Hi^c-'Hi^c' -bimodule Ai be HC in the sense of |BEG2] . Then there 



exists a filtration FjA^ satisfying the conditions of Definition 3.4-4 



Proof. Step 1. Before constructing a filtration on M. let us introduce some notation. 
Abusing the notation, by h we denote the images of h in "Hi^c, "Hi^c'- 
Pick free homogeneous generators ai,...,an of (S'f)*)'^ and of (S'f))'^. Let 

di,...,dn be their degrees. Further, let c^,...,c^ be bi- homogeneous generators of the 
(Sl)*)^ ® {Si))^-modu\e C[i) © t)*]^ . Let their degrees (of polynomials on f) © [)*) be 
d[,...,d'^. Lift c^,...,c^ to 14^-invariant ad(h)-eigenvectors in "Hi^c, "Hi^c'- Abusing the 
notation, we denote both liftings by Ci, . . . , Cm- We remark that if we have another collec- 
tion of liftings Ci, . . . ,Cm, then q — Cj G F(^/_2'H,. Finally, let us choose bi-homogeneous 
generators e^, . . . of C[() © over C[f) © f)*]^ and lift them to ad(h)-eigenvectors 

ei, . . . , Cfc of T^i^c, ^i,c'- Let d'(, . . . , d'l be the degrees of e^, . . . ,6). viewed as polynomials. 

On the next steps we construct a filtration Fj on such that gr is a finitely 
generated left SV^^F-module and 

(5.4) [z,v]eFi+,_2M, 

(5.5) vhcFi+jM, 

(5.6) hvcFi+jM. 

for any v G FjAi,h G Fj'Hi^, and any z that is an ordered monomial in Ck,bj,ai of total 
degree i (with the degrees of ai,bj,Ck as above). This filtration has the properties required 
in Definition I3.4.4[ 

Step 2. We will define a filtration on /A using the inductive procedure below. 
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Let Vj be a finite dimensional subspace in /A, and Ai,i G /, be linear operators on Ai. 
Set Vj+i :— '^i^i^iVj. Suppose that Vj is equipped with an increasing filtration FmVj. To 
each Ai wc assign an integral degree rij. Then we can define a filtration on Vj+i by defining 
Fn Vj+i to be the linear span of elements AiVQ, where Vq G Vj and m + rii ^ n. 

Step 2.1. Let Vq be a subspace that generates as a left "Hi^c-module. Since M. is 
a finitely generated left "Hi^c-module we can choose Vq to be finite dimensional. For the 
operators Ai we take all monomials in ad(aj), i = 1, . . . , n. For the degree of ad(aj) we take 
di — 2, and the degree of a monomial is defined in an obvious way. Since ad(aj) are pairwise 
commuting locally nilpotent operators on A^, we see that Vi is finite dimensional. 

Step 2.2. To define V2 we use V-i and the operators that are monomials in ad(6j), whose 
degrees are defined analogously to Step 3.1. The space V2 is finite dimensional for the same 
reason as Vi. 

Step 2.3. Now consider the operators l,ad(cj),i = 1, . . . ,m. To ad(cj) wc assign degree 
d'i — 2, and 1 is supposed to be of degree 0. We use the filtered subspace V2 C and the 
operators 1, ad(ci) to define V3, which is obviously finite dimensional. 

Step 2.4. We define V4 using V3 and the operators of the right multiplication by 1, Cj. The 
operator corresponding to Cj has degree d'-. 

Step 2.5. Consider the basis of the form wx^i . . . x^^yl^ . . . y-i^ in "Hi^c, where Xi, . . . ,Xn 
is a basis in ()*, yi, ■ ■ ■ ,yn is a basis in i). Define V5 from V4 using the operators of left 
multiplication by the basis elements. The degree of an operator coming from the basis 
element above is YM=ii'^i + iO- Of course, V^ = M.. 

Let F* be the filtration on V^, i = 1, 2, 3, 4, 5 defined on the corresponding step above. By 
our definition, F^ Vj C F]^^ Vj for all i, j. 

On the next step we are going to prove that the filtration F, := F^ on satisfies all 
conditions indicated in the end of Step 1. 

Step 3. Consider a collection C = (i^, w, i^, a, /3, j^, j^), where i^i^.j^j^ arc n-tuples of 
non- negative integers, w G W, a is either an element of {1, 2, ... , m} or the symbol 0, and (3 
is either an element of {1, 2, . . . , /c}, or 0. To vq E Vq and C as above we assign the element 
v{C,vo) eMhy 

•1 '2 '1 '1 

v{C,Vq) :— wx^ y^ [ad(c)Q, ad(6)'^ ad(a)'' fo]e/3, 

where, for instance ad(a)j^ means JliLi ^*^(^«)''^' ^^'-^ ^'^(c)^ is 1 when a = 0, and ad(ca) 
otherwise. 

Further, define the "degree" 

n 

d{C) + + {jl + jl){dr - 2)) + - 2 + d% 

r=l 

where rfg := 2,^0 := so that v{C.iVq) G F(i(c) Af (but it may happen that v{C.iVq) G 
Frf(c)-i AI). Finally, define the "length" 

n 

^(C) = + + + fr) +la + h + L, 

r=l 

where la = 0,1^ = 0,1^ = when a = 0, (3 = = 1 and = l,li3 = 1,1^ = ^ otherwise. 

By our choice of Vq, the elements v{C,Vq) span AI as a vector space. Moreover, by our 
definition of the filtration on Af, the images of v{C, Vq) in Fii{c) AI/ Fd(c)-i AI span gr AI. 
From here it is easy to see that gr A4 is a finitely generated left C[[) © [)*]#14^-module. It 
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remains to check f l5.4p -( l5l6l) . It is enough to do this for those f(C, fo) that do not he in 

First of aU, let us notice that (15. 6p fohows directly from the construction of the filtration. 
We are going to prove fl5.4p . fl5.5p by induction on 1{C). 

We start with /(C) = (so that v{C,Vo) = Vq). Assume that (15. 40 . (15. 5p are proved for all 
z,h of degree less than N and let us prove the inclusions for degree N (the base is = 0, 
here there is nothing to prove). Each h G "Hi,, can be uniquely written as the sum of ordered 
monomials in Ca,bj,ai,ei3 (with Ca,ej3 occurring at most once). For h G FiT-Li, the degrees 
of monomials do not exceed i. Also if h is an eigenvector for ad(h) and its image in gr'Hi , 
is in the center, then we see that all monomials of degree exactly i will be in Cq, bj, at (or we 
can also write the variables in the opposite order: ai,bj,Ca), and all other monomials will 
have degree ^ i — 2. 

To prove [z,v] G Fn^2-M we may assume that z is an ordered monomial in ai,bj,Ca 
(in this order). If z is a single variable, then we are done by the definition of the fil- 
tration. If not, write z as a product z = ziZ2, where zi is a variable. Then rewrite 
[z,Vo\ = Zi[z2,Vo] + [zi,Vo]z2 = zi[z2,Vo\ + Z2[zi,vo] - [z2, [zi,Vo]]. Then the first two sum- 
mands lie in F7V-2 thanks to the inductive assumption and (15. 6p . To show that the third 
summand lies in Fjv_2A^ we apply the same procedure for Z2 = Z2Z2 and [2:1, fo] instead 
of Vq. We get [z2, [zi,vo]] = [zi,Vo]] + [zi,VoW + [z'2, [4, [^i,Wo]]]- So we need to 

show that ad(z2) ad(zi)fo, ad^z!^) ad{zi)vo, ad(2;2) ad(2;2) ^d{zi)vQ lie in the appropriate filtra- 
tion components. For the first expression this follows directly from the definition of the 
filtration. We remark that the variables -21,-22 still precede all variables in -23 in the order 
prescribed in the beginning of the paragraph. So we apply the same procedure as before to 
,22 and so on. Finally, we arrive at the sum of expressions of the form 2° ad(-2'^) . . . ad(-2^)fo, 
where z^, . . . ,z^ are ordered correctly. Tracking the construction and using the definition of 
the filtration, we see that all these expressions are in Fjv_2 A^. 

The inclusion (15.51) for f G Vq is proved in a similar way. 

Now suppose that (I5.4I) . (I5.5I) hold for all z, h and all v{C,Vo) with 1{C) < I. Let us prove 
(15. 5p for 1{C) = I, the proof of (15. 4p is similar. If /3 in C is not 0, then v{C, vo)h = v{C', fo)e^/i 
with 1{C') < 1{C) and we are done by the inductive assumption. Suppose now that /3 = 
0. Then v{C,vo) = [z,v{C' ,vq)] for appropriate z and 1{C') < 1{C). Then v{C,vo)h = 
z{v{C' ,vo)h) — v{C' ,vo)zh. By the inductive assumption, v{C' ,vo)h,v{C' ,vo)zh lie in the 
appropriate filtration component. Now the right hand side itself lies in the appropriate 
filtration component by (15. 6p . 

□ 

5.5. Alternative definitions of Let Aihe a Harish- Chandra T^i c-Hi^c'-bimodule. 

Since the adjoint action of (Si)*)^ = C[i)/W] on M. is locally nilpotent, the tensor prod- 
uct Ai^'' := C[()/iy]^'' ®c[f)/VK] has a natural structure of a bimodule over "Hf* : = 
Cffi/W^]^" ®c[f,/vy] and So el{M') is a bimodule over C(K^°)-C(Ki,c')- Consider 

the subspace Ai^y^b C e{W)9l{M^'')e(W_) consisting of all elements v that commute with 
f)^, (f)*)- and sucii that ad(a)^t; = ad{b)^v = for all a G 5(1);)-^, 6 G 5(f)+)-^, A^ > 0. 

Proposition 5.5.1. There is a functorial isomorphism Ai-\^b ■M.^,b- 

Proof. First of all, let us define a derivation D of Ai that is compatible with ad(h), is 
diagonalizable, and has integral eigenvalues. 
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For this fix a lifting l : C/Z — j- C of the natural projection C -» C/Z. The action of ad(h) 
(where recall we write h for the images of h G H in 'Hi^ci'Hi,c') on M. is locally finite, this 
follows from Definition 13.4.41 because ^ ad(h) is a degree preserving map for any Harish- 
Chandra H-bimodule. Define D by making it act by A — on the generalized eigenspace 
of ad(h) with eigenvalue A. Let A^(j) denote the jth eigenspace of D in A^. 

Now choose a filtration Fj on M. as in Definition [3X1 Consider the filtration Ff M 
defined by Ff Ai := 0^- Fi_j A^(j). The filtration Ff is compatible with the doubled y- 
filtration on "Hi^c, "Hi^c'- Moreover, the associated graded gr^ is still a finitely generated 
© module. Also let us remark that the Rees bimodules Rjj' {M) , Rh{M) are 

naturally identified (the gradings differ by twisting with D). We write Ain for both these 
bimodules. Unless specified otherwise, we consider the grading on coming from i?f (Al/j). 

The bimodule A^^^ has the ^/-filtration inherited from Al. The corresponding Rees bi- 
module Rfi{Ai^'') coincides with the subspace of -finite vectors in Al^*, where the latter 
completion is defined as in Subsection I3.10[ 

Let A/"^ denote the centralizer of (f) © I)*)— in e(W)9'l(M^^'')e(W) . Consider two subspaces 
J\f^,J\f^ C ^^|^ defined as follows. The subspace Af^ is defined as the subspace of all vectors 
that are locally finite for the Euler derivation of Aff^. The bimodule Alf,fe is just the quotient of 
A^|^ hj h—1. Further, the subspace Af^ consists of all vectors that are locally finite for the en- 
action and locally nilpotent for the operators ad(a), ad(6) for all a G S{i)'\_)—, b G S'(()+)— . It 
is easy to see that A4^^b is the quotient of Af^ hj h—1. So it remains to show that Af^ = Af^. 

Since Af^ = Rri{A4-i), and the action of ad(h) on Alf,;, is locally finite, we see that 
acts locally finitely on Af^. Since, in addition, the actions of ad(a),ad(6) on Af^ are locally 
nilpotent, it follows that Af^ C Af^. 

Let us check that Af^ C Af^. Again, it is enough to show that iad(h) acts locally finitely 
on Af^. It is enough to show that ^ ad(h) acts locally finitely on the C^-eigenspaces in Af^. 
But each such eigenspace embeds into Al(?,6 under the h = 1 quotient map. So it is enough 
to show that ad(h) is locally finite on Ai-y^b or on any its finitely generated sub-bimodule. 
But any such sub-bimodule is Harish-Chandra in the sense of D efinit ion 13 . 4 . 4 1 by Proposition 
15.4.31 And hence ad(h) acts locally finitely. □ 

We remark that although we used a lifting C/Z > C to construct a functorial isomorphism 
Aij^b -^^,6; this isomorphism is independent of the choice of l. Also we remark that the 
functor 6 does not change (up to an isomorphism) if we identify Ti^^, with C{2i.i°,) using 
the isomorphism instead of 6^. This follows from Lemma [5.2.11 

We can construct a functor .^'^ -.^ HC(K^),/ HC(H)c' in a similar way. Namely, let 
Af GcHC(K^)e'. Set A^' = (el)"^ (C(W,li:,r'(f)ii^^«) ® A^^"))- For Af^'^ take the subspace 
of all elements, where ad(a), ad(6), a G S{i))^,b G S{i)*)^ act locally nilpotently. As in the 
proof of Proposition I3.7.1[ we see that is right adjoint to •z>,b- Therefore •'''^ = w^'*. 

5.6. Induction and restriction functors and the annihilators. The main application 
of the isomorphism of completions theorem in |BEj is the construction of functors between 
the categories O of appropriate Cherednik algebras. 

Namely, consider the algebra "Hi^c- By definition, the corresponding category O is the 
full subcategory of "Hi^c-niodules consisting of all modules M satisfying the following two 
conditions: 

• M is finitely generated over C[i)] (or, equivalently, over C[[)/iy]). 

• i) C T-Li^c acts on M by locally nilpotent endomorphisms. 
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Let 0^,0_ denote the similar categories for Ki^c'^iic- ^^ck a point 6 G [) with Wt = W_. 
Following [BE], let us construct certain functors Resf, : O — )■ 0''',lndfe : — )■ O. 

Recall the (partial) completion "H^^ := C[f)/W^]^*' ®c[f)/VK] T^i,c- Consider the category 
O^'' of all "Hf ^-modules that are finitely generated over C[f)/iy]^''. We have the completion 
functor O ^ 0^\M ^ Clli/W]^" ^c[t,/w] M. There is an equivalence between O^" and 
established in |BEj . 

Namely, recall the Bezrukavnikov-Etingof isomorphism "i?* : "H^^ — )■ C(2ii c), where 2ii c '■ — 
C[i) /W]^° ^c,[h /w]T-Li ,,. The module categories of C{2£i'^c) and of 2i.i[l are equivalent, an equiv- 
alence p : C(2ii^c)"Mod — )■ 2ii c"Mod is given by M i— )■ e(]y)M. So we have an equivalence 
p o {}l : C^fc — ). O^o. Now let us recall an equivalence — )■ 0+^° from |BE] sending a 
module M G O^" to the joint kernel of the operators from f)— . Next, we have an equivalence 
Q+^o _^ Q+ sending a module M G O+^o to its subspace of all vectors, where f)+ acts 
locally nilpotently. Composing the equivalences we have just constructed we get a required 
equivalence O^'' — ^ 0_~^. Now the functor Res;, is obtained by taking the composition of the 
completion functor O — O^'' with the equivalence O^'' — )■ 0_~^. 

Let us recall the construction of the functor Indf, : O"*" — )■ O. Consider the equivalence 
— > O^'' that is inverse to the equivalence O^'' — > O^. Then, as was checked in |BEj . for 
any module M G O^'' its subspace M;.„. consisting of all vectors, where f) C Tii^c acts locally 
nilpotently, is a finitely generated "Hi^c- module. So we have a functor O^'' O, M M^n.- 
Composing this functor with the equivalence 0_~^ — )■ O^'' we get the functor Ind^. 

In a subsequent paper we will need the following result on annihilators. 

Proposition 5.6.1. For M & 0,N ^ 0__^_ we have the inclusions 

Ann^,^(M)t C Ann^+^(Res6(M)), Ann^+^(Ar)t c Ann^,_^(Ind;,(Ar)). 

Proof. The first inclusion follows from the isomorphism = •^^t and the construction of 
*<y,b (with instead of 6^, see the remarks after the proof Proposition 15.5.11) . The second 
inclusion follows similarly from the isomorphism = w^'^. □ 

5.7. Bifunctor L(«,«). Let M,N be modules over the algebras 'Hi,c','Hi^c, respectively. 
The space Home(M, iV) is an Hi,c-'Hi,c'-bimodule. Consider the subspace L{M,N) C 
Homc(M, N) of all vectors that are locally nilpotent with respect to the operators ad(a), ad(6) 
for all a G [Si)*)^ , b G (51))^. An analogous construction is very important in the represen- 
tation theory of semisimple Lie algebras. 

From the definition it follows that the bimodule L{M, N) is the direct limit of its Harish- 
Chandra sub-bimodules. The following proposition, which is the main result of this subsec- 
tion, implies that L{M, N) is Harish-Chandra itself. 

Proposition 5.7.1. For all M,N in the category O the bimodule L{M,N) is finitely gen- 
erated. 

The proof is based on the following two claims. 

Lemma 5.7.2. Let M,N be simples in O with different supports. Then L{M,N) = 0. 

We remark that the support of a simple in O (considered as a C[f)/iy]-module) is irre- 
ducible, see [G2j, Theorem 6.8. 

Proposition 5.7.3. Let M be a module in the category O for Tii^c', and N_ be a finite 
dimensional module in the category O for 2i.ic> where b is chosen in the open stratum in 
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the support of M so that Res6(M) is finite dimensional. Then there is a (bi)functorial 
isomorphism 

L{M,lndb{N)) = Homc(Resfe(M),iV)^'^ 



Proof of Lemma 5.7.2. Suppose L{M^N) ^ 0. 

Let / be the annihilator of M in (Si)*)^ . Pick e L{M, N). Then the image of (f consists 
of vectors that are locally nilpotent for all a & I. It follows that im is a submodule 
in N that is annihilated by for n ^ 0. Since is simple, this means that itself is 
annihilated by So we see that Supp(iV) C Supp(M). 

Now let J be the annihilator of N in {S\)*)^ . Then for any G L{M,N) the inclusion 
J^M C ker ip holds for n ^ 0. Pick a nonzero finitely generated sub-bimodule X C L{M, N). 
Then X is a Harish- Chandra bimodule, and so is finitely generated as a left Hi^c-iiiodule. 
Let ipi,...,(pk be generators. Then {ll^^^kei (fi C kenp for any G X. So f^^^^keryj, is 
an ?^i_c'-submodule in M. Since M is simple, we have f^.^^kery^j = {0}. But now J acts 
locally nilpotently on M, which implies Supp(M) C Supp(A^). □ 

Remark 5.7.4. One can strengthen the claim of Lemma 15.7.21 (with the same proof) as 
follows. Let M be a simple module and let Nq be the maximal submodule of supported 
on the support of M. Then the natural homomorphism L{M, Nq) — )■ L{M, N) is an isomor- 
phism. Analogously, let A^ be simple, and Mq be the maximal quotient of M supported on 
the support of A^. Then L(M, A^) = L{Mo,N). 

Proof of Proposition \5. 7.5| Recall the category O^'' considered in Subsection 15.61 the com- 
pletion functor : O O^'' and the functor : O^'' O of taking locally nilpotent 
vectors. 

Step 1. Let M e Cc', M' G We claim that the bimodules L(M, M/„ ) and L{M^\M') 
are naturally identified. 

Pick (f G L{M, Ml ^ We can view if as an element of L{M,M'). Since the action of 
ad(a), a G (Si)*)^ on L{M, M') is locally nilpotent, we see that ip is continuous in the 6-adic 
topology. So if uniquely extends by continuity to M^^. The extension ip^ obviously lies in 
L{M^\M'). 

Conversely, take ip G L{M^'' , M') and consider the composition of ip with the natural 
map M — )■ M^'. The composition (p^ lies in L{M,M'). Since ad(6),6 G (Sl))^ , acts locally 
nilpotently on L(M, M'), we see that the image of p^p lies in M/^ . So we can view p)^ as an 
element of L{M, M/„ ). The maps p (-)■ p^, ip ip^ as mutually inverse. 

Step 2. Now for M' take the image of A^ under the equivalence Op' ^ O^^ . We claim 
that the bimodules L{M^'',M') and Hom(Resb(M), A^)^'^ are naturally identified. This will 
complete the proof. 

First of all, let us embed Hom(Res6(M), A^)^''' into Homc(M^^M'). For this recall, that, 
by the discussion after Proposition 15.5.11 Hom(ReSfc(M), A^)''"'^ is the same as 



^ly^[Dii)^)''° ® C(Hom(ReSb(M), AT))] 



l.n. 



On the other hand. 



el{M'"') =C[[i)^]]®FnnwiW,Resi,{M)), 
9l{M') =C[[i)^]] ® FnnwiW, N). 



So Hom(M^%M') = Hom(C[[f)^]], C[[()ii^]]) ® C(Hom(Resfe(M), A^)) and the natural action 
of V{i)^)^o on C[[[)^]] defines an embedding Hom(Res;,(M), A^)t'f' ^ Hom(M^^M'). We 
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need to check that the Harish- Chandra (=locally nilpotent) part of Hom(M^'', M') hes in 
Hom(Res;,(M), A^)^'^. For this we notice that ad(a) acts locally nilpotently on L{M^'' , M') 
for any a E C[i)/W]^K In particular, the adjoint action of C[[}^] C 9l{C[[}/W]^^) on 
6l{L{M^'' , M')) is locally nilpotent. But it is well-known that the locally nilpotent part of 
Hom(C[[[)^]], C[[f)i^]]) is nothing else but ©(f)^^)^^ This completes the proof. □ 



Proof of Proposition 5. 1. 7| Let us remark that the bifunctor •) is left exact. So it is 



enough to prove that L(M, A^) is finitely generated for simple M, N . Thanks to Lemma 
15. 7. 2^ here we only need to consider the case when M, N have the same support. Pick 
h in the open stratum of the support. Since Ind^ is a right adjoint for Res;,, we have a 
natural homomorphism — )■ Indb o Res;,(A^). Since is simple, this homomorphism is an 
inclusion, and so L{M,N) L(M, Indf, o Res;,(A^)). According to Proposition 15.7.31 the 
latter bimodule is L(Resb(M), Resb(A^))'^'''. It is finitely generated by Remark [3. 10. 2[ Being 
a sub-bimodule in a finitely generated bimodule, -£/(M, A^) is finitely generated as well. □ 

5.8. Ideals in the rational Cherednik algebra of type A. In this section we will describe 
the structure of the set of two-sided ideals in the rational Cherednik algebra l-i\^c of type 
A. "Type A" means that F = S'„ is a symmetric group in n letters, V = {)©{)*, where 
p) = C"~^ is the reflection F-module. In this case c is a single number. It is well known, see, 
for example [BEGlj . that "Hi^c has a finite dimensional module if and only if c = where 
n G Zi>i and r is an integer mutually prime with n. In the latter case there is a unique (up 
to an isomorphism) indecomposable finite dimensional module. 
The following theorem describes the structure of the set 3'0{'Hi^c)- 

Theorem 5.8.1. (1) The algebra Hi^c is not simple if and only if c = ^, where q, m are 
mutually prime integers, and 1 < m ^ n. Below we suppose that c has this form. 

(2) Set s = [n/m]. The set of proper two-sided ideals ofHi^c consists of s elements, say 
Ji,i = 1, . . . ,s, and Ji ^ J2 ^ ■ ■ ■ ^ Js- 

(3) V{Jj) = n{V*^^), where = S^^ ^ Sn- 

Part (1) of this theorem as well as the fact that the associated varieties of two-sided 
ideals in T-Li c have the form described in (3) seem to be known before, although we could 
not find a precise reference (for example, these facts are easily proved using the claim on 
finite dimensional representations and techniques from [BE] ). The statement of part (2) was 
communicated to me by Etingof. 

Proof. Step 1. Let ^7 be a proper two-sided ideal of l-ii^c- Choose a symplectic leaf C in 
V* /V that is open in V(j7'). Let F, S,2iic be such as in Subsection 11.31 The subgroup 
F has the form ni=i "S*?!,;, where n = ui + . . . + uj. Then J7f is a S-stable ideal of finite 
codimension in lii^c- The algebra 2i.ic the tensor product of the algebras 'Hi^c(C"*~^, S'„.) 
(we suppose that for = 1 the latter algebra is C). Each of these algebras has a finite 
dimensional representation. From the discussion preceding Theorem 15.8.11 we see that rii 
is either some m > 1 or 1, and c = ^ with GCD(g,m) = 1. In particular, F = S^^ , 

and the group S is naturally identified with Sj x Sn~mj- There is a section S H of the 
projection S — t- S, the corresponding subgroup Sj C S permutes the tensor factors of Tii c- 
SetA:=niA^"'~\SJ. 

Step 2. For j = 1, . . . , s(= [n/m]) let Cj be the open symplectic leaf in 7r(V^*-j), where F^- 
is as in part (3). 
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We claim that there is a unique maximal element in 3ff£j('Hi,c) and that Y^Jj/J) C 
dCj{= U,>j A) for any J G 3<3c, {V-i^c)- 

Let us prove this claim. If G 3f?)£^ ("Hi^c), then J7f is an ideal of finite codimension in the 
corresponding slice algebra 2ii^c — •A.®'' ■ But the latter algebra has a unique maximal ideal 
of finite codimension. Indeed, if / is such an ideal, then the kernels of all homomorphisms 
A — )■ A®^/I coincide with a unique ideal of finite codimension in A (the uniqueness of 
such an ideal follows from the fact that A has a unique indecomposable finite dimensional 
module). Now the claim follows from the observation that the tensor product of the matrix 
algebras is again a matrix algebra and so is simple. 

So the ideal (J7i)^ G Off £^(7^1,0) does not depend on J' and contains J'. By Theorem II. 3. 
{J^f' I J is supported on dCj. It remains to put Jj := (jTf)*. 

Step 3. Fix some j. On this step we are going to describe the set of proper Sj-stable ideals 
in A'^^ . We can apply the results of Step 2 to ^ to see that A has only one proper two-sided 
ideal, say n. This ideal has finite codimension. We claim that any Sj-stable ideal in A^^ is 
of the form Jp{j) = Z]j-^<...<jj, tTj^ . . . ni^,p = 1, . . . , j, where := A0 . . . . . . ® A, with 

n on the i-th place. 

First, we claim that any j)nme= (primitive) ideal in A^^ has the form J'j := ^jg/Uj for 
some / C {1, . . . First of all, being the tensor product of a matrix algebra and of several 
copies of A, the algebra A^^ j Ji is prime. Now let JT" be a prime ideal in A^^ and CJ be the 
open symplectic leaf in N{A®^ jj) C 1/+/r = {^^"^-^ j SraY^ . The algebra A®^ is an SRA so 
we can use an argument of Step 1. We see that £ is the product of O's or C^'^~^/S'm's and 
moreover J = X\ where X is a unique ideal of finite codimension in the slice algebra (which 
is again the tensor product of several copies of A). In particular, we have a unique prime 
ideal with a given associated variety and this prime ideal must be some Jj. This completes 
the proof of the claim in the beginning of the paragraph. 

Now let J be an arbitrary Sj-stable ideal in 2ii c- Let J7/, / G -F, be all minimal prime ideals 
of J", where F is some (finite) index set. Then F is Sj-stable. We claim that Ja.i = 

Jp{j), where p = j - #X + 1. 

The proof is by the induction on j. Set 

crGSjJ^cr.I cr£Sj,j£a:I 

Then, using the inductive assumption, we get J'^ = Jp-i{i — \) ® A and J"^ = Jp{j — 1) ® 
^ + rij. The first equality is trivial, let us explain why the last one holds. It is clear that 
D Uj. Using the inductive assumption, we see that J"^ /vij = Jp{i — 1) ® {A/n). The 
equality for J"^ follows. 

Since Jp-i{j - 1) ® ^ n = J'p-i(j - 1) ® n, we see that n J'^ = Jp{j - 1) ® A + 
i[Jp-iij-l)®A]nn,) = Jpij). 

It follows from the previous paragraph that the radical of any S^-stable ideal in 2ii c 
coincides with some J7p(j) (we remark that J7i(j) D J72(j) D ... D JjU))- Note however, 
that Jp{iY = JpU)i because = n. So we have proved that any proper S'j-stable ideal in 
Hic coincides with some Jp{i). Moreover, we remark that JTp{j)Jlq{j) = i7max(p,g)(j)- 

Step 4- Consider the (smallest) symplectic leaf £1 and the algebra 2Li c corresponding to 
this leaf. By assertion (4) of Proposition I3.6.5[ J^j Jj{s) = provided V(i7) = Cj. Also 
note that J C J', = J{ implies J = J'. Indeed, V{J'/J) C dCi and so J'/J = 0. 
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Let US check that Ji^Ji^ = Jraa.^{h,i2)- Consider the ideals Ji^^^Ji^]. The ideals Ji^\.,Ji^\ 
are proper S'^-stable ideals in and so are of the form Ji^^s)., Ji^{s). Also we remark 
that {Ji^Ji^)] = Ji^^Ji^^. It follows that (Ji^Ji,,)^ = Jmax(n,i2)t and so, by the previous 
paragraph, Ji^Ji.^ = J7max{ii,j2)- particular, it follows that jTi 2 <^2 2 • • • 2 •^fl- 
it remains to check that any ideal J' of Hi,c coincides with some J'i. Let V(J') = Cj. 
Then G J^j hj Step 2. However, J7f = J^j{s) = J'jj and hence J = Jy □ 
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